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Abstract 

Using the light-cone formulation of relativistic dynamics we study arbitrary spin fermionic and 
bosonic fields propagating in flat space of dimension greater than or equal to four. Generating func- 
tions of cubic interaction vertices for totally symmetric massive and massless fields are obtained. 
We derive restrictions on the allowed values of spins and the number of derivatives, which provide 
a classification of cubic interaction vertices for totally symmetric fermionic and bosonic fields. 
As an example of application of the light-cone formalism, we obtain simple expressions for the 
Yang-Mills and gravitational interactions of massive arbitrary spin fermionic fields. Interrelations 
between light-cone cubic vertices and gauge invariant cubic vertices are discussed. 
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1 Introduction 



The light-cone formalism [QJ-Hl offers conceptual and technical simplifications of approaches to 
various problems of modern quantum field and string theories. This formalism hides some of the 
symmetries and makes the notation somewhat cumbersome but eventually turns out to be rather 
effective. A number of important problems have been solved in the framework of this formalism. 
For example, we mention the solution to the light-cone gauge string field theory BH-O and the 
construction of a superfield formulation for some versions of supersymmetric theories |[T0l - |[l4"ll . 
Theories formulated within this formalism may sometimes be a good starting point for deriving a 
Lorentz covariant formulation |[T5l - lfT9l . Another attractive application of the light-cone formalism 
is the construction of interaction vertices in the theory of massless higher spin fields ll20l - [|23l . 
Some interesting applications of the light-cone formalism to study of AdS/CFT may be found in 
[|24ll25ll26l . Discussions of super p-branes and string bit models in the light-cone gauge is given 
in B271 |2l and J29l respectively. 

In this paper, we apply the light-cone formalism to study interaction vertices for higher spin 
fields. Considerable progress has been achieved in the problem of constructing the theory de- 
scribing the interaction of massless higher spin fields with gravity. In Ref. ll30ll . cubic interaction 
vertices for massless higher spin fields propagating in AdS a space were constructed; in Ref. OTTl . 
nonlinear equations of motion to all orders in the coupling constant for massless higher spin fields 
in Ad were found. Nonlinear equations of motion for massless totally symmetric higher spin 
fields in AdSj, space (d > 4) were found in Ref . 113211 (see [|33l , [[34ll for a recent review). It now be- 
comes apparent that constructing a self-consistent theory of massless higher spin fields interacting 
with gravity requires formulating the theory in AdS space. Unfortunately, despite the efforts, an 
action that leads to the above-mentioned nonlinear equations of motion has not yet been obtained. 
To quantize these theories and investigate their ultraviolet behavior, it would be important to find 
an appropriate action. Since the massless higher spin field theories correspond quantum mechani- 
cally to non-local point particles in a space of certain auxiliary variables, it is conjectured that such 
theories may be ultraviolet finite 11351 . We believe that the light-cone formulation may be helpful 
in understanding these theories better. 

In this paper, keeping these extremely important applications in mind, we apply method de- 
veloped in [|36l for constructing cubic interaction vertices involving both fermionic and bosonic 
fields. Extension of our approach to the case of fermionic fields is important because of super- 
symmetry, which plays important role in string theory and theory of higher-spin fields, involve 
fermionic fields. We believe that most of our approach to massless higher spin fields can be rela- 
tively straightforwardly generalized to the case of massless higher spin fields in AdS space. The 
light-cone gauge approach to dynamics of free fields in AdS space was developed in [37] (see also 
Il38ll , ir3~9l0 . Although the light-cone approach in AdS space is complicated compared to that in flat 
space, it turns out that these approaches share many properties. We therefore believe that methods 
developed in flat space might be helpful in analyzing dynamics of interacting massless higher spin 
fields in AdS space. As regards our study of massive fields, we note that our interest in light-cone 
gauge vertices for massive higher spin fields in flat space is motivated, among other things, by the 
potential of our approach for in-depth studies of the interaction vertices of the light-cone gauge 
(super)string field theory. 

At present, a wide class of cubic interaction vertices for fields propagating in flat space is 
known. In particular, the self-interaction cubic vertices for the massless spin 3 field were found in 
[40]-[43] an d the higher-derivative cubic vertex for massless spin 2 and spin 4 fields was studied 
in Il44l . More general examples of the cubic interaction vertices for massless higher spin fields 
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were discovered in ll20l |2T1 l45l and the full list of cubic interaction vertices for massless higher 
spin fields was given in Il22l . A wide list of cubic interaction vertices for massive higher spin fields 
was obtained in [46] (see also |@7]|,|@E))- With the exception of Refs. 11421 1431 (devoted to spin 3 
field self-interactions) all the above-mentioned works were devoted to the analysis of interaction 
vertices for higher spin fields in Ad flat space. In view of possible applications of the higher spin 
field theory to string theory, it is instructive to study cubic interaction vertices for higher spin fields 
in space of dimension d > 4. We do this in the present paper. We restrict our attention to the case 
of Dirac totally symmetricQ fermionic fields and consider both the massive and massless theories. 

This paper is organized as follows. In Section [2l we introduce the notation and describe the 
standard manifestly so(d— 2) covariant light-cone formulation of free fermionic and bosonic fields. 

In Section [3] we study restrictions imposed by kinematical and dynamical symmetries of the 
Poincare algebra on cubic interaction vertices for massless and massive fields. We find equations 
on cubic interaction vertices. 

In Section HI we present solution to equations for cubic interaction vertices of massless fields. 
Section \5\ is devoted to cubic interaction vertices for massless and massive fields. We apply our 
general results to derive the Yang-Mills and gravitational interactions of massive arbitrary spin 
fermionic Dirac fields. Our approach allows us to obtain simple expressions for vertices of these 
interactions. We obtain also simple expressions for interaction vertices of massless bosonic arbi- 
trary spin field and two massive spin-^ fermionic fields. In Section[6l we discuss cubic interaction 
vertices for massive fields. In Sections HH6l we also derive restrictions on the allowed values of 
spins and the number of derivatives for cubic interaction vertices of the totally symmetric fermionic 
and bosonic fields. 



2 Free light-cone gauge massive and massless fields 

The method suggested in Ref.[l] reduces the problem of finding a new (light-cone gauge) dynam- 
ical system to the problem of finding a new solution of defining symmetry algebra commutators. 
Since in our case the defining symmetries are generated by the Poincare algebra, we begin with a 
discussion of the realization of the Poincare algebra on the space of massive and massless fields. 
We focus on free fields in this section. 

The Poincare algebra of d-dimensional Minkowski space is spanned by translation generators 
P A and rotation generators J AB (the latter span the so(d — 1, 1) Lorentz algebra). The Lorentz 
covariant form of the non-trivial Poincare algebra commutators is 

[pA, J™} = v ABpC _ v ACpB ? [J AB > jCD] = ^BC jAD + 3 terms ^ ^ 

where rj AB stands for the mostly positive flat metric tensor. The generators P A are chosen to be 
hermitian, and the J AB to be antihermitian. To develop the light-cone formulation, in place of the 
Lorentz basis coordinates x A we introduce the light-cone basis coordinates x ± , x 1 defined by@ 

x ± = -^{x d ~ l ±x Q ), x 1 , J = l,...,d-2, (2.2) 



1 Interesting recent discussion of totaly symmetric fields in the context of non-abelian gauge theories may be found 
in 1491. 

2 A, B,C, D — 0, 1, . . . , d — 1 are so(d — 1, 1) vector indices; 'transverse' indices I,J,K = 1, . . . , d — 2 are 
so(d — 2) vector indices. 
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and treat x + as an evolution parameter. In this notation, the Lorentz basis vector X A is decomposed 
as (X + , X~, X 1 ) and a scalar product of two vectors is then decomposed as 

r] AB X A Y B = X + Y- + X-Y + + X 7 r 7 , (2.3) 

where the covariant and contravariant components of vectors are related as X + = X_, X~ = X + , 
X 1 = Xj. Here and henceforth, a summation over repeated transverse indices is understood. In 
the light-cone formalism, the Poincare algebra generators can be separated into two groups: 

P + , P 1 , J +I , J + ~, J IJ , kinematical generators ; (2.4) 
P~ , J _/ , dynamical generators . (2.5) 

For x + = 0, the kinematical generators in the field realization are quadratic in the physical fields^, 
while the dynamical generators receive higher-order interaction-dependent corrections. 

Commutators of the Poincare algebra in light-cone basis can be obtained from (12.11) by using 
the light-cone metric having the following non vanishing elements: 7/ + ~ = r/~ + = 1, r) IJ = 5 IJ . 
Hermitian conjugation rules of the Poincare algebra generators in light-cone basis take the form 

F±t = P±, p't = p / ; J"t = _j/J j j+~t = _j+- j±'t = _j±/. (2 .6) 

To find a realization of the Poincare algebra on the space of massive and massless fields we use the 
light-cone gauge description of those fields. We discuss massive and massless fields in turn. 

Bosonic massive totally symmetric fields . In order to obtain the light-cone gauge description 
of a bosonic massive totally symmetric fields in an easy-to-use form, let us introduce bosonic 
creation and annihilation operators a 1 , a and a 1 , a defined by the relations 

[a 1 , a J ] = S IJ , [a, a] = 1 , (2.7) 

a J |0)=0, a|0) = 0. (2.8) 

The bosonic oscillators a 1 , a 1 and a, a transform in the respective vector and scalar represen- 
tations of the so(d — 2) algebra. In d-dimensional Minkowski space, the massive arbitrary spin 
totally symmetric bosonic field is labelled by the mass parameter m and one spin label s, where 
s > is an integer number. Physical D.o.F of the massive field labeled by spin label s can be 
collected into a ket- vector defined by 

s 

\4> s (p,a)) = ^a h . . .o J -*a t Jl - / -*(p)|O) . (2.9) 

i=0 

We note that the superscripts like I s _ t in (12.91 ) denote the transverse indices, while t is the degree 
of the oscillator a. In (12.91 ) and the subsequent expressions, a occurring in the argument of ket- 
vectors \4>(p, a)) denotes a set of the oscillators {a 1 , a}, while p occurring in the argument of 
ket-vectors \<f>(p,ct)) and 5- functions denotes a set of the momenta {p 1 ,/3 = p + }. Also, we do not 
explicitly show the dependence of the ket-vectors \4>{p,a)) on the evolution parameter x + . The 
ket-vector (12.91 ) is a degree-s homogeneous polynomial in the oscillators a 1 , a: 

(a 1 a 1 + aa — s) \(f> s {p, a)) = . (2.10) 

3 Namely, for x + =^0 they have a structure G = G\ + x + G2, where G\ is quadratic in fields, while G2 contains 
higher order terms in fields. 
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Physical D.o.F of a massive field in d-dimensional Minkowski space are described by irreps of the 
so(d — 1) algebra. For the ket- vector (12.91) to be a carrier of so(d — 1) algebra irreps, we should 
impose the following tracelessness constraint: 

{a 1 a 1 + aa) \<f> 8 (p,a)) = 0. (2.11) 

To develop the light-cone gauge description of massive arbitrary spin fields on an equal footing we 
use a ket-vector defined by 

oo 

|0(p, |&(p,a)). (2.12) 

s=0 

Bosonic massless totally symmetric fields. The light-cone gauge description of a bosonic mass- 
less totally symmetric fields can be realized by using the creation and annihilation operators a 1 
and a 1 . In rf-dimensional Minkowski space, the massless totally symmetric bosonic field is la- 
beled by one spin label s. Physical D.o.F of the massless bosonic field labeled by spin labels s can 
be collected into a ket-vector defined by 

|0r°(P,«)) = a Jl ---« Js Ws (p)|O), (2.13) 

which is degree-s homogeneous polynomial in the oscillators a 1 : 

(a¥-s) |C =0 G»,a)) = 0. (2.14) 

In d-dimensional Minkowski space, physical D.o.F of massless field are described by irreps of the 
so(d — 2) algebra. For the ket-vector (12.131) to be a carrier of so(d — 2) algebra irreps we should 
impose a standard tracelessness constraint, 

o J a / |0f^°(p,a)) = O. (2.15) 

By analogy with (12.121) . the ket-vectors of massless fields (12.131) can be collected into a ket-vector 

|0 m=o (p,a)) defined by 

oo 

\^=°(p,a))=J2 IC =( W)>- (2-16) 

We note that in (|2.13l) and the subsequent expressions, the letter a occurring in the argument of the 
ket-vectors of massless fields |0 m=o (p, a)) denotes the oscillators a 1 . 

Fermionic massive totally symmetric fields. In order to obtain the light-cone gauge description 
of a fermionic massive totally symmetric fields we introduce bosonic creation and annihilation 
operators a 1 , a and a 1 , a, and fermionic creation and annihilation operators 9 a , po a , r/ a , p m , 
where subscript and superscript a is used to indicate spinor indices. Bosonic operators satisfy the 
same commutators as in ([2.7b . while the fermionic operators satisfy the following anticommutators 

{e a ,p ep } = n ffl v {v a ,Pr,f>} = n%, (2.17) 

0|O) = O, p„|0) = 0, (2.18) 
ei=p e , V ] =P^ (2.19) 

where 11® is a projector operator (see Appendix A). In d-dimensional Minkowski space, the mas- 
sive totally symmetric spin-(s + |) fermionic field is labelled by the mass parameter m and one 
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label s, where s > is an integer number. Physical D.o.F of the massive totally symmetric spin- 
(s + |) fermionic field can be collected into a ket- vector defined by 

\i>s{p,oi)) = (Pe^ s (p,oi) +tl>t(p,a)ri)\0) , (2.20) 

where we use the notation 

s 

ip s (p,a) E^a^.^aW^-'^lO), (2.21) 
t=o 

s 

ip\{p,a) = J2 ah ■ ■ ■ > tJl - J - t (p)|0) . (2.22) 

t=o 

In (|2.20l) - (|2.22l) and the subsequent expressions, we do not show the spinor indices of the oscillators 
and fermionic fields explicitly. The ket-vector (12.201 ) is a degree-s homogeneous polynomial in the 
oscillators a 1 , a: 

(a 1 a 1 + aa — s) \ip s (p, ot)) = . (2.23) 

As noted above, physical D.o.F of a massive field in rf-dimensional Minkowski space are described 
by irreps of the so(d — 1) algebra. For the ket-vector (|2.20l) to be a carrier of so(d — 1) algebra 
irreps, we should impose the following 7-tracelessness constraints: 



(^a 1 + ^a)6\ij(p,a)) = 0, (2.24) 
p^a 1 - 7*a) |V>(p, a)) = 0. (2.25) 

To develop the light-cone gauge description of massive arbitrary spin fermionic fields on an equal 
footing we use a ket-vector defined by 

00 

\^(p,a)) = J2 \i>.(P,<*))- (2-26) 

Fermionic massless totally symmetric fields. In order to obtain the light-cone gauge description 
of a fermionic massless totally symmetric fields we introduce bosonic creation and annihilation 
operators a 1 and a 1 , and fermionic creation and annihilation operators 9 a , pg a , i] a , p va , where 
subscript and superscript a is used to indicate spinor indices. These operators satisfy the same 
commutators as in (I2.7I) . (I2.17I) . In d-dimensional Minkowski space, the massless totally symmetric 
spin-(s + 2) fermionic field is labelled by one label s, where s > is an integer number. Physical 
D.o.F of the massless spin-(s + |) fermionic field can be collected into a ket-vector defined by 

l^ m= °(p, a)) = (Peip?=°(p, a) + ^J m =°(p, a) V ) |0> , (2.27) 
where we use the notation 

ij™ =0 (p,a) = a h . ..a Is i/; h - Is (p)\0) , (2.28) 

%l)\ m= \p,a) = a h ...a h ^ h - h {p)\Q) . (2.29) 
The ket-vector (12.271) is a degree-s homogeneous polynomial in the oscillators a 1 : 

{a 1 a 1 - s) \ipT = °(P, «)) = • (2.30) 
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As noted above, physical D.o.F of a massless field in <i-dimensional Minkowski space are described 
by irreps of the so(d— 2) algebra. For the ket-vectors (12.28U2.29I) to be carriers of so(d— 2) algebra 
irreps, we should impose the following 7-tracelessness constraints: 



^ a 1 9\ip ra=0 (p, a)) = , (2.31) 
p vl I a I \^ m=0 (p,a)) = 0. (2.32) 

To develop the light-cone gauge description of massless arbitrary spin fermionic fields on an equal 
footing we use a ket- vector defined by 

00 

\^=\ p ,a))^Y, IC =C W)>- (2-33) 

We proceed with the discussion of a realization of the Poincare algebra on the space of mas- 
sive and massless fields. A representation of the kinematical generators in terms of differential 
operators acting on the ket-vectors \ip) is given by@ 

P 1 = p l , P + = (3 , (2.34) 

J+^dpxfi, (2.35) 
j+- = d p p + M + - , (2.36) 

J IJ = p J d p j - p J d p i + M IJ , (2.37) 

where Af + ~ is a spin operator of so(l, 1) algebra, while M IJ is a spin operator of the so(d — 2) 
algebra, 

[M IJ , M KL ] = 5 JK M IL + 3 terms , (2.38) 

and we use the notation 

(3 = p + , 8/3 = 0/8(3, dpx^d/dp 1 . (2.39) 

The representation of the dynamical generators in terms of differential operators acting on the 
ket-vector \<p) is given by 

pi pi _|_ m 2 

P-=p-, P~= —\q > ( 2 - 4 °) 

J- 1 = -dpp 1 + 8 p iP- + ^(M IJ p J + mM 1 ) - ^M + ~ , (2.41) 

where m is the mass parameter and M 1 is a spin operator transforming in the vector representation 
of the so(d — 2) algebra. This operator satisfies the commutators 

[M 1 , M JK ] = 5 IJ M K - 5 IK M J , [M 1 , M J ] = -M IJ . (2.42) 

The spin operators M IJ and M 1 form commutators of the so(d — 1) algebra (as it should be for 
the case of massive fields). The particular form of M + ~, M IJ , and M 1 depends on the choice of 



4 Throughout this paper, without loss of generality, we analyze generators of the Poincare algebra and their com- 
mutators for x + = 0. 
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the realization of spin D.o.F of physical fields. For example, a representation of the spin operators 
M + ~, M IJ and M 1 for the realization of the physical fields given in (|2.12| ), (|2.20| ) takes the form 




for bosonic fields, 

= { \ i (2.43) 

for fermionic fields, 

{a 1 a J — a" 1 a 1 , for bosonic fields, 

(2.44) 
a I a J — a J a 1 + \pel IJ + \Prf1 IJn Q > f° r fermionic fields, 

{aa 1 — a 1 a , for bosonic fields, 

r r 1 r 1 r (2 - 45) 

aa — a a — ^p el 1*9 + kVif) 1*V , f° r fermionic fields. 

As seen from (12.411) , in the limit as m — > 0, the Poincare algebra generators are independent of the 
spin operator M 1 , i.e. the free light-cone gauge dynamics of massive fields have a smooth limit, 
given by the dynamics of massless fields. 

The above expressions provide a realization of the Poincare algebra in terms of differential 
operators acting on the physical fields \<p), \ip). We now write a field theoretical realization of this 
algebra in terms of the physical fields \ip). As mentioned above the kinematical generators 
Qkin are realized quadratically in \<p), \ip), while the dynamical generators G dyn are realized non- 
linearly. At the quadratic level, both G km and G dyn admit the representation 

G [2] = G b ° s + G{° r , (2.46) 
G*f = f d d -'p m-p^Gl^p)} , (2.47) 

G$ = J d d - l p(4>{-p)\G\ij{p)), (2.48) 

d d ~ l p = d(3d d ~ 2 p and G are the differential operators given in (|2.34|) - (|2.37|) , (12.401 ), (12.411) and 
the notation G [2] is used for the field theoretical free generators. The fields \<p), \ip) satisfy the 
Poisson-Dirac commutators 

[ fr(p, a)) , W , a')) ]\^ alx+ = 6d ~ l ^ +p,) \)\)' , (2.49) 

[ m P , a)) , m P ' , a')) \\ equalx+ = d ~ 1{p 2 + p,) \)\y , (2.50) 

where |) |)' is defined by 

n|0)|0') for bosonic fields, 

(pev' + i7f>e)IIj0)|0') for fermionic fields , 



(2.51) 



and il is unity operator on the space of tensor fields subject to constraint (12.111) . With these 
definitions, we have the standard commutators 

,G [2] } = G\<f>), (2.52) 
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U),G l2] ]=G\^). (2.53) 
In the framework of the Lagrangian approach the light-cone gauge action takes the standard form 



S = j dx+d^p ((0(p)|W|0(p)) + (ip(p)\id-\i)(j)))^ + j dx + p- , (2.54) 

where P~ is the Hamiltonian. This representation for the light-cone action is valid for the free 
and for the interacting theory. The free theory Hamiltonian can be obtained from relations (12.40I) . 
(I2461) . 

Incorporation of the internal symmetry into the theory under consideration resembles the Chan- 
Paton method in string theory ll50l . and could be performed as in iBTl . 



3 Equations for cubic interaction vertices 
3.1 Restrictions imposed by kinematical symmetries 

We begin with discussing the general structure of the Poincare algebra dynamical generators (12.51) . 
In theories of interacting fields, the dynamical generators receive corrections involving higher 
powers of physical fields, and we have the following expansion for them: 

oo 
n=2 

where G [n f stands for the n - point contribution (i.e. the functional that has n powers of physical 
fields) to the dynamical generator G dyn . The generators G dyn of classical supersymmetric Yang- 
Mills theories do not receive corrections of the order higher than four in fields liTUl ITT] [T2ll. while 
the generators Gf y } n of (super)gravity theories are nontrivial for all n > 2 ll52l l53l l54lp[ 

The 'free' generators G^ 71 (|3.1I) . which are quadratic in the fields, were discussed in Section 2. 
Here we discuss the general structure of the 'interacting' dynamical generators Gf yn . Namely, we 
describe those properties of the dynamical generators Gf yn that can be obtained from commutators 
between G kin and G dyn . In other words, we find restrictions imposed by kinematical symmetries 
on the dynamical 'interacting' generators. We proceed in the following way. 

(i) We first consider restrictions imposed by kinematical symmetries on the dynamical gen- 
erator P . As seen from (12.11) . the kinematical generators P 1 , P + , J +I have the following com- 
mutators with P~: [P~, Gf 2 j n ] = Gf™. Since G^ n are quadratic in the fields, these commutators 
imply 

[p-,Gf 2 f] = 0. (3.2) 
Commutators (|3.2I) for Gfy n = (P 1 , P + ) lead to the representation for Pz as 

p- = J dr 3 {* m \p-), (3.3) 

5 Generators of the closed string field theories, which involve the graviton field, terminate at cubic correction G<% n 
(HUD. It is natural to expect that generators of a general covariant theory should involve all powers of the graviton field 
h^ v . The fact that the closed string field theories do not involve vertices of the order higher than tree in implies 
that the general covariance in these theories is realized in a nontrivial way. In string theory, the general covariance 
manifests itself upon integrating over massive string modes and going to the low energy expansion (see ll55ll for a 
discussion of this theme). 
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where we use the notation 

3 

( $ [3]| = (*P(Pi,ai)\(*P(P2,a 2 )\((j)(p3 } a 3 )\ , |p~) = p~ |0) o , (3.4) 

a=l 

a=l a=l ^ ' 

Here and below, the indices a, b = 1,2,3 label three interacting fields and the 5- functions in dT 3 
(13.51) respect conservation laws for the transverse momenta p* a and light-cone momenta f3 a . Generic 
densities p~ (13.41) depend on the momenta p^, (5 a , and variables related to the spin D.o.F, which 
we denote by a: 

Ppi = lfa(Pa, Pa] a) ■ (3.6) 

(ii) Commutators (13.21) for Gfy n = J +I tell us that the generic densities pZ, in (13.41 ) depend on 
the momenta p l a through the new momentum variables P 7 defined by 

1 3 

P 7 = 77 Y] PaPi , Pa = Pa+l ~ Pa+2 , Pa = Pa+3 , (3.7) 
6 a=l 

i.e. the densities Py A] turn out to be functions of P 7 in place of p T a , 

Pp] =PiaiO P :A»; a) . (3.8) 

(iii) Commutators between P~ and the remaining kinematical generators J IJ , have the 
form [P~,J IJ ] = 0, [P~,J + ~] = P~. Since J /J , J + ~ are quadratic in physical fields, these 
commutators lead to 

[P",J /J ]=0, [P-, = P- . (3.9) 

It is straightforward to check that commutators (13.91) lead to the respective equations for the generic 
densities p~ = p^(p«, A»; a) in @23>: 

3 

E - PidpL + Mia)IJ ) |Pm> = , (3-10) 

a=l 
3 



E(/3A-M^ + -t)| P[3] > = 0. (3.11) 

a=l 

Using (13.71) . we rewrite Eqs. (13.10l) . (13.111) in terms of pZ = p~ 3] (¥ ab , /3 a ; a) in (13.81) as 

3 

(V<V - P J <V + E M (a)/J ) = , (3.12) 



a=l 



3 

(p 7 <V + ^(^^a - )+ " t )) IPS) = • (3.13) 

a=l 

(iv) To complete the description of the dynamical generators, we consider the dynamical gener- 
ator J^ 1 . Using commutators of J^ 1 with the kinematical generators, we obtain the representation 



for J [3] 7 as 



3 
a=l 
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where we introduce new densities jZ 1 . From the commutators of J^ 1 with the kinematical gener- 
ators, we learn that the densities jzf depend on the momenta p a through the momenta P 7 in (13.71 ) 
and satisfy the equations 

3 

- ¥ J d pI + M(a)U ) Urn*) + 6lK \^i J ) ~ 8JK \3m) = > ( 3 - 15 ) 

a=l 

3 

+ Y^iPadp. - M« + ~t)) \j~ K ) = . (3.16) 



o=l 



To summarize, the commutators between the kinematical and dynamical generators yield the 
expressions for the dynamical generators (13.31) . (13.141) . where the densities pZ, jZ 1 depend on P J , 
P a , and spin variables a and satisfy Eqs. (|3.12l) . (13.131) . (I3.15l) . (|3.16l) . We note that the kinematical 
symmetry equations (|3.12l) . (13.131) can be represented as: 

J /J |p-) = 0, (3.17) 

3 

+5>«fy a - M + -t)|p") =0, (3.18) 

a=l 

where we use the notation 

J IJ = L /J (P) + M 7J , (3.19) 
L /J (P) = P 7 9 P ./ - F J d P i , (3.20) 

3 3 

M 7J = M(a)U » M+ ~ f = M<Q)+_t • ( 3 - 21 ) 

a=l a=l 



3.2 Restrictions imposed by light-cone dynamical principle 

To find the densities pZ,, jZ 1 , we consider commutators between the respective dynamical genera- 
tors; the general strategy of finding these densities consists basically of the following three steps, 
to be referred to as the light-cone dynamical principle: 

a) Find restrictions imposed by commutators of the Poincare algebra between the dynamical gen- 
erators. Using these commutators shows that the densities jZ 1 are expressible in terms of the 
densities pZ . 

b) Require the densities pZyjZ 1 to be polynomials in the momenta P 1 . We refer to this requirement 
as the light-cone locality condition. 

c) Find those densities pZ that cannot be removed by field redefinitions. 

We now proceed with discussing the restrictions imposed by the light-cone dynamical principle 
on density pZ (13.81) . In what follows, the density pZ will be referred to as cubic interaction vertex. 
Following the procedure above-described, we first find the restrictions imposed by the Poincare 
algebra commutators between the dynamical generators. All that is required is to consider the 
commutators 

[P-,J- I ] = 0, [J- I ,J- , ] = 0, (3.22) 
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which in the cubic approximation take the form 

[P m ,J m I ] + [P m ,J^ 2] I ] = 0, (3.23) 

[^M/] + W,^ J ]=0. (3.24) 
Equation (13.231) leads to the equation for |p~ (P, (3 a ; a)) and ^/(P, (3 a ; a)), 

P-|j-/) = J- 7 t| p -), (3.25) 

where we use the notation 

3 3 

p- = 5>r, 3-^ = ^2^, (3.26) 

a=l a=l 

Pa ~ 2(3 a ' 

Ja I] = P% a - Pad pi - }(M<"'\ J + m M'^) - ^M<»> + -t . (3.28) 

Pa Pa 

P and the differential operator in (13.261) can be expressed in terms of the momentum P 7 : 

p-^-f^ (3.29) 

J- Jt bS,> = -i^|Pm>. ( 3 - 3 °) 

where we use the notation 

;t 7 = X IJ ¥ J + X 1 + Xd P i , (3.31) 

3 

X" = £ $a{(j3adf, a - M^)5 IJ - M w7J ) , (3.32) 

0=1 

X 1 = J2^^M^ , (3.33) 

o=l 
o=l Pa 

/3 = /Ws • (3-35) 
Taking (13.301 ) into account we can rewrite Eq. (|3.25l) as 

liS 1 ) = -^r*'W ' (336) 

which tells us that the density jZ J is not an independent quantity but is expressible in terms of 
vertex p~ (f3T8l) . By substituting j" 7 (13.361) into Eq. d3.24b . we can verify that Eq. d3.24b is fulfilled. 
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Thus, we exhaust all commutators of the Poincare algebra in the cubic approximation. Equations 
(13.171 ), (13.181 ) supplemented by relation (13.361 ) provide the complete list of restrictions imposed 
by commutators of the Poincare algebra on the densities pZ, j~ T . We see that the restrictions 
imposed by commutators of the Poincare algebra by themselves are not sufficient to fix the vertex 
pZ uniquely. To choose the physically relevant densities pZ, jz 1 , i.e. to fix them uniquely, we 
impose the light-cone locality condition: we require the densities p~ , j~ 7 to be polynomials in P 7 . 
As regards the vertex p~ we require this vertex to be local (i.e. polynomial in P 7 ) from the very 
beginning. However it is clear from relation (|3.36l) that a local pZ, does not lead automatically to 
a local density jzf. From (|3.36l) . we see that the light-cone locality condition for jzf amounts to 
the equation 

X 1 \p-)=P-\V I ), (3.37) 

where a vertex | V 7 ) is restricted to be polynomial in P 7 . In fact, imposing the light-cone locality 
condition amounts to requiring that the generators of the Poincare algebra be local functionals of 
the physical fields with respect to transverse directions. 

The last requirement we impose on the cubic interaction vertex is related to field redefinitions. 
We note that by using local (i.e. polynomial in the transverse momenta) field redefinitions, we 
can remove the terms in the vertex pZ that are proportional to P (see Appendix B in Ref. [|36ll .). 
Since we are interested in the vertex that cannot be removed by field redefinitions, we impose the 
equation 

\ P -)^P-\V), (3.38) 

where a vertex | V) is restricted to be polynomial in P 7 . We note that Eqs. (|3.37l) . (13.381) amount to 
the light-cone dynamical principle. If we restrict ourselves to low spin s — 1, 2 field theories, i.e. 
Yang-Mills and Einstein theories, it can then be verified that the light-cone dynamical principle and 
Eqs. (l3.17| ), (13.181 ) allow fixing the cubic interaction vertices unambiguously (up to several coupling 
constants). It then seems reasonable to use the light-cone dynamical principle and Eqs. d3.17l) . 
(13.181) for studying the cubic interaction vertices of higher spin fields. 

To summarize the discussion in this section, we collect equations imposed by the kinematical 
symmetries and the light-cone dynamical principle on vertex pZ (|3.81) : 

J 7J |p-) = , so(d - 2) invariance (3.39) 

3 

(P 7 6> P / + ^2/3 a d Pa -M+- t )|p- ] ) = 0, so(l, 1) invariance (3.40) 

a=l 

;r 7 |p~) = P'lV 1 ) , light-cone locality condition (3.41) 

IpS)^P"|v), < 3 - 42 ) 

where the vertices | V) and IV 1 ) are restricted to be polynomials in P 7 . Solving light-cone locality 
condition (13.411 ) leads to the representation for the density \jz/) (13.361 ) as 

\j^!) = -^\V I ). (3.43) 

Equations (|3.39I) - (I3.42|) constitute a complete system of equations on vertex pZ (13 . 81 ) . Equations 
(13 .391) , (13 .401) reflect the invariance of the vertex \pz) under the respective so(d — 2) and so(l, 1) 
rotations. Equations (13.411 ), (13.421) and the representation for the density \jzf) (13.431 ) are obtainable 
from the light-cone dynamical principle. 
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Up to this point our treatment has been applied to vertices for massive as well as massless 
fields. From now on, we separately consider vertices for the massless fields, vertices involving 
both massless and massive fields, and vertices for the massive fields. 

Before to proceed we discuss general structure of vertices we study in this paper. 

First of all we restrict our attention to the vertices for fields in space-time of even dimension 
and all fermionic fields are considered to be complex- valued Dirac fields. 

Secondly, let ip = ip(x) be arbitrary spin tensor-spinor fermionic field of the Lorentz algebra, 
while (p = 4>{ x ) i s arbitrary spin bosonic field of the Lorentz algebra, where x stands for coor- 
dinates of space-time. Let 7 be Dirac 7-matrices, while d stands for derivatives w.r.t space-time 
coordinates. In Lorentz covariant approach cubic vertices for fermionic and bosonic fields can 
schematically be represented as 

C~$ 1 ... 1 d...dil)d...d<l). (3.44) 

In this paper we restrict our attention to the light-cone vertices corresponding to covariant vertices 
that do not involve Levi-Civita antisymmetric tensor and matrix I\ ~ 7 . . . 7 d ~ 1 

We use nomenclature of K-vertices and F-vertices. Our light-cone K-vertices correspond to 
covariant vertices whose low-order term in derivative expansion is supplemented with even num- 
ber of 7-matrices. Accordingly our F-vertices correspond to covariant vertices whose low-order 
term in derivative expansion is supplemented with odd number of 7-matrices. For example, light- 
cone counterparts of covariant vertices like ipip(f) are referred to as K-vertices, while light-cone 
counterparts of the covariant vertices like tfyipcj) are referred to as F-vertices in this paper. 

In general, vertices for massive fields involve contributions with different powers of deriva- 
tives. Therefore, to classify light-cone cubic vertices we need two labels at least. We use labels 
k min and k max which are the respective minimal and maximal numbers of transverse derivatives 
appearing in the light-cone cubic vertex. Labels like k min and k max can also be used to classify 
covariant vertices. If we denote by k%™ n and k c ™ ax the respective minimal and maximal numbers of 
derivatives appearing in the covariant cubic vertex, then one has the relations 

L.COV > 7 1COV < 7 AC\ 

Covariant vertices that involve only massless both fermionic and bosonic fields can be labelled 
k cov which is a number of derivatives appearing in covariant vertices. Denoting by k numbers of 
transverse derivatives appearing in the corresponding light-cone vertices we have the relation^ 

k cov = f,_l ( 3-46 ) 



4 Cubic interaction vertices for massless fermionic and bosnic 
fields 

We begin with discussing the cubic interaction vertex for the massless fields. This, we consider 
vertex involving two massless fermionic arbitrary spin fields having the respective mass parameters 
mi = and m 2 = and one massless arbitrary spin bosonic field having mass parameter m 3 = 0: 

mi| F = 0, m 2 | F = 0, m 3 | B = 0, (4.1) 

6 Our light-cone vertices given below involve matrix 7* ~ 7 1 . . . r y d ^ 2 . Appearance this matrix is related to the 
some special Fourier transformation of fields we use in this paper. 

7 For the case of vertices involving only massless bosonic fields one has k cov = k. 
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where for transparency we attached subscript F to mass parameter of fermionic fields and subscript 
B to mass parameter of bosonic field. Equations for the vertex involving three massless fields are 
obtainable from (13.411) by letting m a — > 0, a = 1, 2, 3. There are two types of general solutions for 
cubic vertex which take the form 



p~ = K {12) V K (B (a) ; Z) , K vertex; (4.2) 

p- = FV F (B (a) ; Z) , F vertex; (4.3) 

where V K , V F are arbitrary functions of B (a) and Z and we use the notation 

K (12) = -±- Pei F I 1 I ^ V2 , (4.4) 
F = -^p ei (^P* - 7 /J P J ) V2^ 3>1 , (4.5) 

PlP2 V P3 7 

a (a)7 P 7 

B (a) = — - — , a = 1,2, 3, (4.6) 



and a (ab) is defined by 



Pa 

Z = B m a (2 ' A) + 5 (2) a (31) + S (3) « (12) , (4.7) 
a (a b ) = a wi a wJ _ (4 8) 



We now comment on the solution obtained. The quantities B ia) , a iab) and Z are the respective de- 
gree 1, 2, and 3 homogeneous polynomials in oscillators. Henceforth, degree 1, 2, and 3 homoge- 
neous polynomials in oscillators are referred to as linear, quadratic, and cubic forms respectively. 
We emphasize, however, that the vertices V K , V F can depend on a (aa) . But the contribution of 
the a (aa) -terms to the Hamiltonian Pz vanishes when ket-vectors (I2.16I) . (I2.33I) are subjected to the 
tracelessness constraints. This is, the physical massless fields, being irreps of the so(d — 2) algebra, 
satisfy the tracelessness constraints 

a (a)7 a (a)/ |VC a= °) = , a = 1,2, a {a)I a (a)I \<p™ 3=0 ) = . (4.9) 

It is then clear that the a (aa) -terms do not contribute to the Hamiltonian Pz (13.31) . Therefore we 
drop a (aa) -terms in the general solution for the vertices. This, in case of massless fields belonging 
to irreps of the so(d — 2) algebra, vertices (I4.2I) . (I4.3I) are governed by fermionic forms K {12) and 
F, by the linear forms B (a) and by the cubic forms Z. To understand the remaining important 
properties of the vertices we consider cubic vertices for massless fields with fixed spin values. 



4.1 Cubic vertices for massless fields with fixed but arbitrary spin values 

Vertices (|4.2| ), (|4.3I ) describe interaction of towers of massless bosonic and fermionic fields (12.161) , 
(12.331) . We now obtain vertex for massless spin + |, s (2) + \ and s (3) fields. This, we consider 
vertex involving two massless fermionic spin + \ and s (2) + | fields and one massless bosonic 
spin-s 3 field: 
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mi = , m 2 = , m 3 = , 

(4.10) 

s w + \ , s< a > + \ , . 

The massless spin + ^ and s (2) + | fermionic fields are described by the respective ket- vectors 

iv^r ) and mr°)> while the massiess 

spin-s (3) bosonic field is described by the ket-vector 
\(f> m ^°). The ket- vectors of massless fermionic fields are obtainable from (12.271) by replacement 
s — > s (a) , a 1 — > a [a)I , a = 1, 2, in (12.271) . while ket-vector of massless bosonic field is obtainable 
from (12.131) by replacement s — > s (3) , a 7 — > a (3)/ in (12.131) . Taking into account that the ket- vectors 
l^™i) = °)' l^™2) =0 )' |0™3) = °) are the respective degree s (a) , a = 1, 2, 3 homogeneous polynomials in 
the oscillators a (a)I it is easy to see that the vertex we are interested in must satisfy the equations 

( a c«>V* )7 - s w )\p-) = 0, a = 1,2,3, (4.11) 

which tell us that the vertex pZ should be degree-s (a) homogeneous polynomial in the oscillators 
a (a)I . Taking into account that forms F, B [a) and Z (see (I4.5I) - (I4.7I) ) are the respective degree 1 
and 3 homogeneous polynomials in oscillators, we find the general solution of Eq. (|4. lib 



1 1 3 

p - ( S W + S W + i ; g (3). fc ) = K W Z \{ S -k+l) JJ^ (o) ^(a) +3 (fc_ B _l) ^ for K vertex . (4J2) 

a=l 

1 1 3 

p-( s W + s {2) + -, s (3) ; fc) = FZsM)(5(»))-i JJ( fi ( a ))« (a) +|(fc- S ) ; for p vertex; ( 4 . 13 ) 



2 2' 

a=l 



where we use the notation 



3 

s = ^s {a \ (4.14) 

a=l 

and integer k is a freedom in our solution. The integer k labels all possible cubic vertices that 
can be built for massless spin + ~, s (2) + |, s (3) fields and has a clear physical interpretation. 
Taking into account that the forms K (12 \ B (a) , F, and Z are degree 1 homogeneous polynomials 
in the momentum P J J§ it is easy to see that vertices (|4.12l) . (14.13l) are a degree k homogeneous 
polynomials in P 1 . To summarize, the vertex + |, s (2) + |, s (3) ; k) describes interaction of 

three massless spin + |, s (2) + |, s (3) fields having powers of the momentum P 7 . In Lorentz 
covariant approach, gauge invariant vertices corresponding to our light-cone vertices (I4.12I) . (I4.13I) 
have k — 1 number of the derivatives with respect to space-time coordinates. 

We now discuss the restrictions to be imposed on values of s {2) , s (3) and the integer k. The 
powers of the forms B (a) and Z in (|4.12l) . (14.13l) must be non-negative integers. For this to be the 
case, it is necessary to impose the following restrictions on the allowed spin values s (1) , s {2 \ s (3) 
and the number of powers of the momentum F 1 (the number of the derivatives): 

8 It is this property of the forms K {12 \ F, B {a) and Z that allows us to introduce the vertex that is the homoge- 
neous polynomial in P 1 . A completely different type of a situation occurs in the case of massive fields, whose cubic 
interaction vertices depend on forms that are non-homogeneous polynomials in the F 1 . 



16 



s - 2s min + l</c<s + l, s min = min s (a) , 

a=l,2,3 

s — k odd integer , for K- vertex (4.15) 

max(s - 2s (1) , s - 2s (2) , s - 2s (3) + 2) < k < s , 
s — k even integer , 

s (3) > 1 when s (3) = s min , forF-vertex. (4.16) 

Formulas (14.12U4.13I) not only provides a surprisingly simple form for the vertices of massless 
higher spin fields but also gives a simple form for the vertices of the well-studied massless low 
spin s = 0, 1/2, 1,3/2, 2 fields. By way of example, we consider cubic vertices that describe the 
interaction of spin-| fermionic fields with low-spin bosonic massless fields. This is to say that 
cubic interaction vertex for spin-^ fermionic field if) and massless scalar field <p takes the form 

p-(i,l,O;l) = K (12) ~#0. (4.17) 
The minimal interaction of spin-| fermionic field with massless spin-1 field <p A is given by 

p-(^,l;l) = F~^7W, (4-18) 



p~ (-, -, 1; 2) = K^B^ ~ ^Ab^ab ^ (4<19) 



while the non-minimal interaction of massless spin-| fermionic field with massless spin-1 field 
takes the form 

,1 1 

l 2' 2' 

where F AB = d A cf) B — d B (p A . The minimal gravitational interaction of massless spin-| fermionic 
field if; is given by 

p~ (i i 2; 2) = F5< 3 > ~ , (4.20) 

where D A or stands for covariant derivative w.r.t. Lorentz connection. The non-minimal interaction 
of massless spin-| fermionic field ip with massless spin-2 field 4> AB takes the form 

p-(± i, 2; 3) = K^\B^f ~ ipd A d B ip(j) AB . (4.21) 

Our approach gives simple expressions for interaction vertices of massless spin-| fermionic field 
and massless arbitrary spin-s bosonic field. This is to say that there are the following two inter- 
action vertices for massless spin-| fermionic field ip and massless arbitrary spin-s bosonic field 

p- (~ ~ a; a + 1) = i^(£< 3 >) s ~ V^ 1 . . . ^^0 Al - As , (4-22) 

PS(^> ^ s ) = ^T" 1 ~ ^7 Al 5 A2 • • • d A ^- A ° . (4.23) 

Higher-derivative interaction of massless spin-| fermionic field ip A with massless scalar field 
4> takes the form 

,3 3 
'2' 2 



p-£, J, 0; 3) = K (12) B W B {2) ~ , (4.24) 
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where 

yAB = qA^B _ qB^A (4 25) 

is field strength of spin-| field ip A . The non-minimal interaction vertices of massless spin-| 
fermionic field with massless spin-1 field take the form 

p" (|, |, 1; 2) = F< 12 >Z ~ - ^ c j AB ip c )F AB , (4.26) 

p~ (~, 2 i; 3 ) = FB«S« ~ ^d^^F™ , (4.27) 

p- (|, |, 1; 4) = K (12) B w B {2) B (a) ~ $ A d A d B ip c F BC . (4.28) 

The minimal gravitational interaction of massless spin-1 fermionic field ^ A is given by 

p-(| | 2; 2) = ~ ^V* ^ . (4.29) 

Light-cone vertices for two massless spin-| fermionic fields and one massless arbitrary spin-s, 
s > 2, bo sonic field take the form 



p-/-^s-s) = FZ{B^y-\ (4.30) 
.3 3 



p- ] C-r- 1 s ] s + l) = K^Z{B^y-\ (4.31) 
p- (5 |, a; s + 2) = FBVBViBV)- 1 . (4.32) 

p- (? | a; 5 + 3) = K^B^B^(B^y , (4.33) 

Denting by |, s; fc) covariant vertex that corresponds to light-cone vertex p™(§, |, s; fc) in 
(|4.30l) - (|4.33l) we obtain the following covariant vertices: 

i a_1 ^(2, | S ; S ) = ^MqM . . . d A ^ B d B <f) M - A ° 

+ii c 1 M d M . . . d A »-^S> CA °(j) A i- A ° , (4.34) 

-, S ; S + 1) = ^ Al «9 Aa . . . 3 A ^ B d B (j) M - As 

+V> c «9 Al . . . qAs^ca^a^.As ^ (4 J5) 

p-i£(2 ; |, s; s + 2) = ^ V 1 ^ 2 • • • d A ^ c d B d c ( j ) M -^ , (4.36) 
i' _1 £(2 -,s;s + 3) = 4> B d M . . . d As il) C d B d c (j) M - A " , (4.37) 

where (j) Al ~ As stands for massless spin-s bosonic field. We note that covariant vertices in (14.341) - 
(14.371) are gauge invariant only w.r.t. linearized on-shell gauge symmetries. Also, note that, for 
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s — 2, the vertex in (14.341) is nothing but the vertex of the minimal gravitational interaction of 
massless spin-| fermionic field (I4.29I ). 

We see that the light-cone gauge approach gives a simple representation for such vertices. 
Another attractive property of the light-cone approach is that it allows treating the interaction 
vertices on an equal footing. Formulas (I4.12I) . (I4.13I) provide a convenient representation for other 
well-known cubic interaction vertices of massless low-spin fields. These vertices and their Lorentz 
covariant counterparts are collected in Table I. 

A few remarks are in order. 

i) Gravitational interaction of low-spin massless fermionic fields are described by F-vertices. 
Therefore let us use of F-vertices to discuss gravitational vertices of massless higher-spin fermionic 
fields, s + | > |. It is easy to see that restrictions (14.161 ) are precisely the restrictions that leave 
no place for the gravitational interaction of massless higher-spin fermionic fields. Indeed, the 
gravitational interaction of a massless spin-(s + |) fermionic field could be described by the vertex 
p~ + |, s {2) + |, s (3) ; k) with = s m = s > 2, s (3) = 2, k = 2. For these values s (a} we 
obtain 

s = 2s + 2, max(s-2s (1) ,s-2s (2) ,s-2s (3) + 2) = 2s, (4.38) 

and therefore restrictions (14.161) take the form 

2s < k < 2s + 2 . (4.39) 

On the one hand, these restrictions tell us that for s > 2, the gravitational interaction, i.e. the case 
k = 2, is not allowed. On the other hand, we see that all allowed cubic interactions vertices for 
graviton and massless higher-spin fermionic fields involve higher derivatives, k > 2. 

ii) Restrictions (14.151) . (14.161) lead to a surprisingly simple result for values of allowed k for 
cubic vertices £C(s (1) + |, s (2) + |, s (3) ; k). Indeed, we see from (14.151) and (|4.16l) that for spin 
values s (2) , s (3) , the integer k takes the values 



fe = s + l, s — 1, ...,s — 2s min + 1 , for K vertex; (4.40) 

k = s, s-2, ... ,max(s-2s (1) ,s-2s (2) ,s-2s (3) +2), for F vertex. (4.41) 
Note that, for F-vertices, we should keep in mind the restriction s (3) > 1 when s (3) = s m i n . 

iv) Vertices (I4.12l) . (|4.13l) . with k in (14.40l) . (14.41l) . constitute the complete list of vertices for 
d > 4. For d = 4, the number of allowed vertices is decreased. This is, if d — 4, then for spin 
values s (2) , s (3) , the integer k takes the values^ 

k = s + 1, s — 2s min + 1 , when s (3) = s min for K vertices in d = 4. (4.42) 

k — s + 1, when s (3) > s min , for K vertices in d = 4; (4.43) 

k = s — 2s min , when s (3) > s min , for F vertices in d = 4 . (4.44) 

This implies that, in Ad, there are two K-vertices when s (3) = s m i n > and one K-vertex when 
s (3) = s m i n = or s (3) > s m i n . Also we note that, in Ad, there is only one F- vertex when 
s (3) > s m i n and there are no F-vertices when s (3) = s min . 

9 There is simple rule which allows to choose nontrivial vertices in Ad. This, an appearance of i^ (12) ZS (3, -factor 
in K-vertex leads to trivial K-vertex, while appearance of i 7 '_B (1) _B (2) -factor in F-vertex leads to trivial F-vertex. This 
rule can be approved by using helicity formalism in Ref. lEUl . 
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Table I. Cubic vertices for massless fermionic and bosonic low-spin fields. In the 4th col- 
umn, 4>, ip, <j) A , ip A , 4> AB stand for the respective spin 0, 1/2,1,3/2,2 massless fields. F AB 
and r abce stand for the respective Yang-Mills field strength and the Riemann tensor, while 
q,AB = qa^b _ qb^a js fj e | d strength of spin 3/2 field V A - D A and D A or stand for the respective 
Yang-Mills covariant derivative and Lorentz covariant derivative. lua bc stands for the linearized 
Lorentz connection, oja bc = -^>a bc ■ Most of the covariant vertices in the Table are invariant only 
under linearized on-shell gauge transformations. 



Spin values and 
number of derivatives 

qW -L I q(2) _|_ I q(3). 1. 


dimension 
of 

space-time 


Light-cone vertex 

p-( s W + i, a C> + i >a <3> ; fc) 


Covariant 
Lagrangian 


i i o-i 

2 , 2 , U, ± 


d>4 


K m 




- - I" 1 

2' 2' x ' L 


d > 4 


F 


if;j A ^(f> A 


1 i 1.0 

2' 2' x > z 


d > 4 


jf( 12 ) £(3) 


^AB^pAB 


i - 2- 2 

2' 2' Z > Z 


d > 4 


FB^ 


(^ 7 A D A ^) [3] 


2' 2' Z ' ^ 


d > 4 




^ABqC^CAB 


1,1,05 3 


d > 4 


2^(12) _g(2) 


^AB^AB^ 




d > 4 


^(12)^ 


(i; A ^ B - \i) C 1 AB il> c )F AB 


- - 1 ■ 3 

2 > 2 > > 


d> 4 




^AgA^B^CpBC 


- - 1- 4 

2' 2' x > * 


d > 4 


K (12) B {1) B (2) B (3) 


^AqAqB^CjpBC 


3 3 Q. r\ 

2 , 2 , z, z 


d>4 


FZ 


{4> A i ABC D B Lor ^ c ) m 


3 3 Q. Q 

2 , 2 , z, o 


d> 4 


K {12) ZB {3) 


^CqA^BC^AB 


3 3 o- A 
2' 2' Z > * 


d> 4 


FB (1) B (2) B (S) 


^B^CEqA^BCE 


3 3 n. r 

2' 2' Z > 


d>4 


X^ 12 ) B {1) B {2) (B {3) ) 2 


q,ABq,CEftABCE 



We note that K-vertices with k = s + 1 correspond to gauge theory cubic interaction vertices 
built entirely in terms of gauge field strength^. The vertices with k < s + 1 cannot be built 
entirely in terms of gauge field strengths. It is the vertices with k < s + 1 that are difficult to 
construct in Lorentz covariant approaches. The light-cone approach treats all vertices on an equal 
footing. 



I0 Our result for the vertex p [3] (|, |, 2; 7) (see last row in Table II) implies that there is only one Lorentz covariant 
vertex ^>cd^ef r ab that 

gives a non-trivial contribution to the 3-point scattering amplitude. Similar statement for 
the case of vertex Rcd r( ef r ab was P rove d in Ref.||59l. 
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Table II. Cubic vertices for massless fermionic spin-f field and massless bosonic spin 
0,1 ,2 fields. In the 4th column, <f>, 4> A stand for the respective spin 0, 1 massless fields. F AB and 
£>abce stand for the respective Yang-Mills field strength and the Riemann tensor, while \f? ABCE 
stands for field strength of spin 5/2 field. uja bc and 9, A BC stand for the respective linearized 
Lorentz connection of spin-2 and spin-| fields, lua bc = -uja bc , &a bc = -&a bc ■ Most of the 
covariant vertices in the Table are invariant only under linearized on-shell gauge transformations. 
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Lagrangian 
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d > 4 




^(0^0*^ _ ^C.SA^B) 


5 5 i. r 

2 ' 2 ' ' 


d > 4 


F(B m ) 2 {B {2) ) 2 


^ABCD^EyABCD^E 


2 ' 2 ' ' 


d > 4 
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2 ' 2 ' z > ° 


d > 4 
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d > 4 


FZB {1) B i2) 


See Ref.El 


2 ' 2 ' ' 


d > 4 


K {12) ZB m B (2) B {S) 




2 ' 2 ' ' u 


d > 4 


F(B^) 2 (B™) 2 B^ 


^ACDE^F^BCDE^FAB 


5 5 o. 17 
2 ' 2 ' ' ' 


d > 4 


K^(B^B^B^) 2 


vf, AB .T/C^ rEF 

CD i?F ^AB 



5 Cubic interaction vertices for massless and massive fields 

We now study cubic interaction vertices for massless and massive field. We consider cubic vertices 
for one massive field and two massless fields and cubic vertices for one massless field and two 
massive fields. In other words, we consider vertices for fields with the following mass values: 



mi| F = m 2 | F = 0, m 3 | s ^0; (5.1) 

mi| s =m 2 | F = 0, m 3 | F ^0; (5.2) 

mi| F = m 2 | F = m ^ 0, m 3 | s = 0; (5.3) 

rrii| s = m 2 | F = m 7^ 0, m 3 | F = 0; (5.4) 

rrii| F ^0, m 2 | F ^0, rrii| F ^ m 2 | F , m 3 | B = 0. (5.5) 

mi| s 7^0, m 2 | F ^0, mi| B ^m 2 | F , m 3 | F = 0. (5.6) 

We study these cases in turn. 
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5.1 Cubic interaction vertices for two massless fermionic fields and one 
massive bosonic field 

We start with the cubic interaction vertex for three fields with the mass values 

mi | = m 2 | F = 0, m 3 | s ^0, (5.7) 

i.e. the massless fermionic fields carry external line indices a = 1, 2, while the massive bosonic 
field corresponds to a = 3. Equations for the vertex involving two massless fields can be obtained 
from Eqs. d3.41l) in the limit as mi — > 0, m 2 — > 0. The general solution for vertex is found to be 

p~ = K (12) V K (B {3) ; Q (<M+1) ) , K vertex, (5.8) 

p- = FV F (B {3) ; Q (aa+1) ) , F vertex , (5.9) 

where we use the notation 



^ (12) = ^VmPV7^ 2 , (5.10) 
P1P2 

F = -±- Pei ((|p 7 - 7 /J P> (3)/ + ^W»> V , (5.11) 

P1P2 v P3 P3 J 

B^ = — —, a = 1,2; (5.12) 

Pa 

5 (3) = ^-r- - ^-^ 3 a (3) , (5.13) 

P3 l P3 

g ( i2) = a ci2) _ 2 B m Bi 2) (514) 

m 3 

g ( 23) = ^(23) _ ?_ B <n + 'b^B® , (5.15) 
m 3 mg 

« (3) 2 

Q(3D = 0,(31) + + *B™B m , (5.16) 

m 3 m^ 

and a (ah) are defined in (1478T ). 

We note that, with exception of f^ (12) , all forms in (|5.8I) , (15.9I ) that depend on P 7 (the fermionic 
form F, the linear form £> (3) and the quadratic forms Q (aa+1) ) are non-homogeneous polynomials 
in F 1 . Therefore, as seen from (15.1 ll) - (|5.16l) . the dependence on the fermionic form F, the linear 
forms B (Z) , and the quadratic forms Q (aa+1) leads to the cubic vertices that are non-homogeneous 
polynomials in P 1 . The appearance of massive field interaction vertices involving different powers 
of derivatives is a well-known fact (see e.g. Il60~ll611l ). Thus, we see that the light-cone formalism 
gives a very simple explanation to this phenomenon by means of the fermionic form F, the linear 
form B (3) and the quadratic forms Q (aa+1) . To understand the remaining characteristic properties 
of solution (|5.8I ), (I5.9I ), we consider vertices for fields with fixed spin values. 



11 We recall that the short notation like p,„ (Q laa+1) ) is used to indicate a dependence of p [3] on Q (12) , Q {23) , Q (31) 



22 



5.1.1 Cubic interaction vertices for fields with fixed but arbitrary spin values 

In this section, we restrict ourselves to cubic vertices for fields with fixed spin values. Vertices 
(15.8U5.9I ) describe an interaction of the towers of bosonic massive fields in (12.121) and fermionic 
massless fields in (12.331) . We now obtain vertex for two massless spin s (1) + |, s <2) + \ fermionic 
fields and one massive spin-s (3) bosonic field. This, we consider vertex involving two massless 
fermionic spin s (1) + | and s (2) + | fields and one massive bosonic spin-s (3) field having mass 
parameter m 3 : 

mi = , m 2 = , m 3 ^ , 

( 5 - 17 ) 

The massless spin-(s (1) + |) and -(s (2) + |) fermionic fields are described by respective ket-vectors 
l^™i) =0 ) anc ^ l^™2) = °)> while the massive spin-s (3) bosonic field is described by a ket-vector |0 S (3)}. 
The ket-vectors of massless fields |^™a) = °)> a — 1> 2, can be obtained from (|2.27l) by the replace- 
ment s — > s (a \ a 1 — > a = 1, 2, in (12.271) . while the ket-vector of the massive field |</» s (3)) can 
be obtained from (12.91) by the replacement s — > s (3) , a 7 — > a (3)/ , a — >■ a (3) in (12.91) . Taking into 
account that the ket-vectors |^™a) = °)> a = 1, 2, are the respective degree s (a) homogeneous polyno- 
mials in the oscillators a (a)I , while the ket-vector |0 S (3)) is a degree s (3) homogeneous polynomial 
in the oscillators a (3)/ , a (3) it is easy to understand that the vertex we are interested in must satisfy 
the equations 

(a {a)I a {a)I - s {a) )\p~) = 0, a = 1,2, (5.18) 

(a (3)/ a (3)/ + a (3) a (3) - s (3) )bp,) = . (5.19) 

These equations tell us that the vertex must be a degree-s (a) homogeneous polynomial in the respec- 
tive oscillators. Taking into account that the forms F, £> (3) and Q (aa+1) are the respective degree 
1 and 2 homogeneous polynomials in the oscillators we find the general solution of Eqs. (l5.18l) . 
(15391) as: 

1 1 3 

+ -,s (2) + -,s {3) ;x) = K il2) (B (3) ) x Y\_(Q (aa+1) ) y , K vertex, (5.20) 



a=l 

3 



j9-(s (1) + -,s (2) + -,s (3) ;x) = F{B^Y Y[(Q^)y {a+2) , F vertex, (5.21) 

2 2 

a=i 

where integers y (a) are expressible in terms of the s {a) and an integer x by the relations 

y w = ^E_ s w a = 1,2, 

y (3) = - s (3) , for K vertex; (5.22) 

V {a) = ~ 2 s W , a=l,2, 

yi3) = s + x+1 _ s O) ? for F vertex . (5 _23) 

The integer x expresses the freedom of the solution and labels all possible cubic interaction vertices 
that can be constructed for the fields under consideration. For vertices (15.201) . (15.211) to be sensible, 
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we impose the restrictions 

x > 



1,2,3; 



1,2,3; 



y {a) > , a 
s — x even integer , 
x > , y {a) > , a 
s — x odd integer , 

which amount to the requirement that the powers of all forms in (15.20l) . (15.21l) be non-negative 
integers. We note that using relations (15.221) . (15.231) allows rewriting the restrictions (|5.24I) . (I5.25I) 



for K vertex; 



for F vertex; 



(5.24) 
(5.25) 



(3) 



max(0, s 
max(0, s (3) — s (1) — s 



5 (2) ) < x < s (3) 



-ad 



.(2)1 



C2) 



1) < x < s (3) - 1 



\s w -s (2) \ 



for K vertex; 
for F vertex. 



(5.26) 
(5.27) 



Compared to vertices for three massless fields (I4.12I) . (I4.13I) . vertices (15.20l) . (15.21l) are a non- 
homogeneous polynomial in F 1 . An interesting property of vertices (15.20l) . (15.21l) is that the max- 
imal number of powers of the momentum F 1 , denoted by k max , is independent of x and is deter- 
mined only by s.^| 



kr, 



s + 1 
s , 



for K vertex; 
for F vertex. 



(5.28) 
(5.29) 



5.2 Cubic vertices for one massless fermionic field, one massless bosonic 
field and one massive fermionic field 

We proceed with the cubic interaction vertex for three fields with the mass values 

mi| B = m 2 | F = 0, m 3 | F ^0, (5.30) 

i.e. the massless bosonic field carries external line index a = 1, the massless fermionic field carries 
external line index a = 2, and the massive fermionic field corresponds to a = 3. Equations for 
the vertex involving two massless fields can be obtained from Eqs. (|3.41l) in the limit as mi — > 0, 
m 2 — > 0. The general solution for vertex is found to be 

p- = K (23) V K (B {3) ; Q (<M+1) ) , K vertex, (5.31) 

p- = FV F (B {3) ; Q (aa+1) ) , F vertex , (5.32) 

where we use the notation 

1 



^(23) 



P2P3 



Ei(l) 

^0 



1 



° m 3 " ' 



P2P3 



7 /J P J + /3 2 m37 7 7* W 



(5.33) 
(5.34) 

(5.35) 



12 If x = 0, then restrictions ( 15.26b become the restrictions well known in the angular momentum theory: |s (1) — 
s (2)| < s (s) < s (d + s (2) s while r e Stl -i ct i on takes the form |s (1) - s (2) | < s (3) - 1 < s (1) + s (2) . 

13 Expressions for K (12 \ F, B (3) , and QC»»+i) (|5TT0l >-( l5TT6l imply that k max = 1 + x + 2^Li V W ■ Taking 
expressions for y {a> d5.22l i. ( 15.23b into account we find d5.28b .( l5T29l >. 
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B {a) = ——, a = 1,2; (5.36) 

Pa 

5 (3) = - ^-m 3 a (3) , (5.37) 

g ( i 2) = a (i 2) _ * B w B m (5 38) 

m 3 

o< (3) 2 

Q(23) = a (23) _ ^ 5 (2) + _L S P) S (3) (5.39) 

ni3 nig 

(T (3) 2 

g( 8 i) = a (3i) + 5f_ s w + ±^ B ^B m , (5.40) 
KI3 nig 

and a (a6) are defined in (|4T8i 

To understand the remaining characteristic properties of solution (15.31L(15.32| ), we consider 
vertices for fields with fixed spin values. 

5.2.1 Cubic interaction vertices for fields with fixed but arbitrary spin values 

In this section, we restrict ourselves to cubic vertices for fields with fixed spin values. Vertices 
(I5.31I) . (I5.32I) describe an interaction of the towers of bosonic and fermionic fields. We now obtain 
vertex for one massless spin-s (1) bosonic field, one massless spin-(s (2) + |) fermionic field and one 
massive spin-(s (3) + |) fermionic field. This, we consider vertex involving fields with the following 
spin and mass values: 

mi = , m 2 = , m 3 ^ , 

(5-41) 

s w , s (2) + \ , s (3) + I . 

The massless spin-s (1) bosonic field and massless spin-(s (2) + |) fermionic field are described by 
the respective ket- vectors |0™i) =o ) and |^™2) = °)> while the massive spin-(s (3) + |) fermionic field 
is described by a ket- vector IVV 3 ))- The ket- vectors of massless fields |0™1) =O ), IV*™^ ) can De 
obtained from the respective expressions in (I2.13l) . (|2.27l) by the replacement s — > s (a) , a 1 — > a (a)I , 
a = 1, 2, while the ket-vector of the massive field \ip s (3)) can be obtained from (|2.20l) by the 
replacement s — > s (3) , a 1 —> a {i)1 , a — > ct (3) . Taking into account that the ket-vectors |0™l) =o ), 
|^™2) = °) are the respective degree-s (a) homogeneous polynomials in the oscillators a {a)1 , a = 1,2, 
while the ket-vector \ip s (3)) is a degree-s (3) homogeneous polynomial in the oscillators a (3)/ , a (3) it 
is easy to understand that the vertex we are interested in must satisfy the equations 

(a w V« )7 - S w )y = 0, a = 1,2, (5.42) 

(a (3)/ a (3)/ + « (3) « (3) - s (3) ) \p~) = . (5.43) 

These equations tell us that the vertex must be a degree-s (a) homogeneous polynomial in the respec- 
tive oscillators. Taking into account that the forms F, B {3) and Q (aa+1) are the respective degree 
1 and 2 homogeneous polynomials in the oscillators we find the general solution of Eqs. (l5.18l) . 
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(EH 



as: 



p-(s m ,s™ + ~,s is) + ^,x) =K < - 23 \B^) x f[(Q^ +1 Y a+2 \ Kvertex, (5.44) 

0=1 

1 1 3 

Pm(* (1 \ s (2) + -, s (3) + -; x) = F(B {Z) ) X ]J(Q^Y , F vertex , (5.45) 

a=l 

where integers y (a) are expressible in terms of the s (a) and an integer x by the relations 

y w = ^Z?__ 8 W i a =l,2, 

y(8 ) = _ s (s) ? for K vertex . (5 46) 

= s-s + 1 _ s d) 
y 2 

(2 ) = s-x- 1 _ (2) 
y 2 

y( 3) = s + ^~ 1 _ s 0) ; for F vertex . (5 47 ) 

The integer x expresses the freedom of the solution and labels all possible cubic interaction vertices 
that can be constructed for the fields under consideration. For vertices (15.20|) , (15.21| ) to be sensible, 
we impose the restrictions 

x>0, y {a) >0, a = 1,2, 3; 

s — x even integer, for K vertex; (5.48) 

x>0, y {a) >0, a = 1,2, 3; 

s — x odd integer, for F vertex; (5.49) 

which amount to the requirement that the powers of all forms in (|5.44| ), (|5.45l ) be non-negative 
integers. We note that using relations (15.461 ), (15.471 ) allows rewriting the restrictions (|5.48I ), (I5.49I ) 
a£f 

max(0, s (3) - s (1) - s <2) ) <x< s (3) - - s (2) | , for K vertex; (5.50) 

max(0,s (3) - s w - s (2) + 1) < x < s {3) - - s (2) - 1| , for F vertex. (5.51) 

The maximal number of powers of the momentum F 1 , denoted by k max , is independent of x and is 
determined only by s, 

kmax = s + 1 , for K vertex; (5.52) 

kmax = s , for F vertex. (5.53) 



14 If x = 0, then restrictions (15.50b becomes the restrictions well known in the angular momentum theory: |s (1) 

s (2)| < s <3) < s (d + s ( 2)) while restriction (t53Tb takes the form |s (1) - s (2) - 1| < s (3) < s (1) + s (2) - 1 
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5.3 Cubic vertices for one massless bosonic field and two massive fermionic 
fields with the same mass values 



The case under consideration is most interesting because it involves the Yang-Mills and gravita- 
tional interactions of massive arbitrary spin fields as particular cases. We now consider the cubic 
interaction vertex for one massless bosonic field and two massive fermionic fields with the same 
mass values, 



mi 



m 2 



m ^ 0, 



m 3 







(5.54) 



i.e. the massive fermionic fields carry external line indices a = 1,2, while the massless bosonic 
field corresponds to a = 3. The analysis of equations for the vertex is straightforward and the 
general solution is found to be 



p~ = K (12) \/ K (L (1) ,L (2 \£ (3) ; Q (12) ; Z) 
Pn = F? ) V*{L<»,L<»,B<»;Q™;Z), 
where we use the notation 



K vertex; 
F vertex; 



(12) 



K 



77(3) 

^0 



L (1) E 
B {a) ■ 

Q (12) 



1 

B m - 
ai (o)/ P J 

Pa 
a (3)/p/ 

E « (12) 



ft 



7 /J P J -m/5 3 7 / 7*)^« 



-ma 
2 



in 



2(3 a 



ma 



(a) 



L (2) £{2) + - (2) 
2 



1,2; 



(2) 



a 



(i) 



+ B 



(2) 



m m 

L (D a (23) + L W a (31) + 5 (3)( a (12) _ a (l) a W) 



(5.55) 
(5.56) 

(5.57) 

(5.58) 

(5.59) 

(5.60) 

(5.61) 

(5.62) 
(5.63) 



and a [ab) are defined in (I4.8I ). Thus, we see that vertices (|5.55I ), (I5.56I) depend, among other things, 
on linear form B (3) (15.611) . which is degree- 1 homogeneous polynomial in the momentum F 1 . This 
implies that cubic interaction vertices that are homogeneous polynomials in F 1 can be constructed 
for certain fields. This also implies that the minimal number of powers of F 1 in (|5.55I ), (I5.56I ) is 
not equal to zero in general (for example, the dependence on B [ ' A) leads to an increasing number of 
powers of the momentum F 1 ). All the remaining forms that depend on the momentum F 1 and enter 
the cubic vertex (the fermionic forms K (12 \ F, the linear forms L m , L {2) and the quadratic forms 
Q {12) ) are non-homogeneous polynomials in P 1 . To discuss the remaining important properties of 
solution (|5.55I ), (I5.56I ) we restrict attention to cubic vertices for fields with fixed spin values. 



5.3.1 Cubic interaction vertices for fields with fixed but arbitrary spin values 

In this section, we restrict ourselves to cubic interaction vertices for the fields with mass values 
given in (15.541) . Vertices (I5.55I) . (I5.56I) describe interaction of the towers of massive fermionic fields 
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(12.261) and massless bosonic fields (12.161) . We next obtain the vertex for two massive fermionic 
fields and one massless bosonic field. This, we consider vertex involving two massive fermionic 
spin s (1) + | and s (2) + \ fields having the same mass parameter m and one massless spin-s 
bosonic field: 

ni! = m , m 2 = m , m^O, m 3 = , 



(3) 



+ 



2 ' 



,.(2) 



+ 



2 • 



,(3) 



(5.64) 



Two massive spin + ~ and s {2) + | fermionic fields are described by the respective ket-vectors 
an d IVV 2 ))' while one massless spin-s (3) bosonic field is described by a ket-vector l^™ 3 ," ). 
The ket-vectors of massive fields |Vy<»)}> a = 1)2, can be obtained from (12.201) by the replacement 
s — » s (a) , a J — ► a (a)/ , a — > a (a) , a = 1,2, while the ket-vector of massless field |</>™3) =0 ) can be 
obtained from (12.131) by the replacement s —> s {3) , a 1 — > a (3)I . Taking into account that the ket- 
vectors \ip s (a)), a = 1, 2, are the respective degree-s (a) homogeneous polynomials in the oscillators 



a (a)I , a (a) , while the ket-vector °) is a degree-s (3) homogeneous polynomial in the oscillator 

a (3)/,- • 



it is easy to understand that the vertex we are interested in must satisfy the equations 



(a (a)I a (a)I + a (a) a {a) - s (a) ) b~) = , a = 1, 2 



(a (3)^(3)/_ s (3 ))b - )=0 



(5.65) 
(5.66) 



These equations tell us that the vertex must be a degree-s (a) homogeneous polynomial in the re- 
spective oscillators. Taking into account that the forms Fq\ L (1) , L (2) , B {3) (I5.58I) - (I5.61I) are degree 
1 homogeneous polynomials in the oscillators, while forms Q (12) (15.621) and Z (15.631) are respec- 
tive degree 2 and 3 homogeneous polynomials in the oscillators we find the general solution of 
Eqs.fl5j55J, (15.661) as 



n -/„(l) + I o(2) _|_ I „(3) . h. . h. \ 

"[3] \ 2 2 ' m) ax ' 

= K (12) (L {1) ) xW (L (2) ) x(2) (£? (3) ) x(3) [Q {12) ) y{S) Z y 

= Fg\L w ) x(1) {L {2) y {2) {B™y {3) \Q^) y{3) 'z y i 



K vertex; (5.67) 
F vertex, (5.68) 



where the parameters x (1) , x 



(1) t-(2) x (3) „(3) 



y {3> , y are given by 



x 



id 



7. 



kr, 



,(2) 



X 



(2) — t, _ h. . _ „(1) _ 1 



mm 



X 



(3) 



lv mm ; 

S 2 5 kmax ~t~ 2/c m i r i 1 



? . _ „(3) _ L . 



for K vertices; 



(5.69) 



(i) 



/<• — /<• 



- s (2) - 1 



(2) _ I, 



(3) 



kmin j 



,(3) 



,(3) _ J, 
1 fw 



for F vertices; 



(5.70) 
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and s is defined in (14.141) . New integers k min and k max in (|5.67l) - (15.70l) are the freedom in our 
solution. In general, vertices (15.67U5.68I) are non-homogeneous polynomials in the momentum 
F 1 and the integers k min and k max are the respective minimal and maximal numbers of powers 
of the momentum F 1 in (15.671) . (15.681) Fl. As noted above, the minimal number of powers of the 
momentum F 1 is not equal to zero in general. For vertices (|5.67l) . (15.681) to be sensible, we should 
impose the restrictions 

x (a) >0, a = 1,2, 3; y (Z) > , y > , (5.71) 

which amount to requiring the powers of all forms in (I5.67I) . (I5.68I) to be non-negative integers. 
Using (15 .691 ), (15 .701) . restrictions (|5.71l) can be rewritten in a more convenient form as 

kmin max s' -|- 1 ^ k max ^ s 2s' ' -|- 2,k m i n -\- 1 , 

a=l,2 

< k min < s (3> , for K vertices; (5.72) 

kmin max s -\- 1 ^ k max ^ s 2s' ' -|- 2,k m i n -\- 2 , 

a=l,2 

< kmin < s (3) - 1 , for F vertices. (5.73) 



5.3.2 Interaction of massive arbitrary spin fermionic field with massless scalar field 

Before to study of Yang-Mills and gravitational interactions of fermionic fields we consider inter- 
action vertices of fermionic fields with scalar field. This, we present the list of all cubic vertices 
for the massive arbitrary spin-(s + |) fermionic field interacting with the massless scalar field, i.e. 
we consider vertices (15.671) . (15.681) with 

= g (2) = s ) s (3) = Q _ (5 _ 74) 

Allowed spin values and powers of derivatives k m i n , k ma x should satisfy restrictions in (15.721) . 
(15.731) . Plugging s (3) =0 in the last restriction in (15.731) we immediately learn that F-vertices are 
not allowed. Plugging s (3) = in the last restriction in (15.721) we learn that all allowed K-vertices 
take k min = 0. Plugging k min = in the 1st restrictions in (15.721) leads to the following allowed 

Value Of kmax- 

s + l< k max < 2s + 1 . (5.75) 



Relations (15.671) . (15.691) lead to the following interactions vertices 

PS(a + \, s + \, 0; 0, k max ) = K (12 \L W L (2) ) kmax ~ s ~ 1 (Q (12) ) 2s+1 ~ kmax . (5.76) 

Vertices (15.761) supplemented with inequalities for allowed values for k ma x (15.751) constitute com- 
plete list of vertices that can be built for two massive spin-(s + 1) fermionic fields and one massless 
scalar field. 

For the case of s = we obtain only one allowed value of k ma x = 1 and the corresponding 
vertex 

p"(i i 0;0,1) = K< 12 > (5.77) 



15 This can be checked by taking into account that the forms K {12) , Fq 3> , L (1) , L {2 \ Q {12) and Z are degree 1 
polynomials in P 7 , while the form B (3) is degree 1 homogeneous polynomial in P 1 (see (l5.57b -( f5T63T >). 
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describes interaction of spin-| fermionic field with scalar field. Appropriate covariant vertex is 
well known, C = ipip(f). 

For the case of s > we obtain s + 1 interaction vertices labelled by allowed values of k max 
(I5.75I ). Note that form Q (12) (15.621 ) does not have a smooth massless limit (m — ► 0). This implies 
that the interaction of the massive spin s + ~ > | field (|5.81l) does not admit a sensible massless 
limit when k max < 2s + 1. In other words there are s vertices with s + 1 < k max < 2s + 1 which do 
not have a smooth massless limit and one vertex with k max = 2s + 1 which has smooth massless 
limit. For example covariant vertex of scalar field with spin-| fermionic field which has smooth 
massless limit takes the form C = ^ AB ^ AB (j), where ^ AB is defined in (14.251) . 



5.3.3 Yang-Mills interaction of massive arbitrary spin fermionic field 

We now apply our results in Section 15.3.11 to the discussion of the Yang-Mills interaction of 



the massive arbitrary spin fermionic fieldo. It turns out that Yang-Mills interaction of massive 
fermionic fields are described by F-vertices. Therefore we restrict our attention to the F-vertices in 
what follows. We first present the list of all cubic F-vertices for the massive arbitrary spin-(s + |) 
fermionic field interacting with the massless spin-1 field (Yang-Mills field). This is, we consider 
the F-vertices (15.681 ) with 

s (i) = s (2 ) = S; S ^ = l. (5.78) 

The 2nd restrictions in (15.731) lead to one allowed value of k min = 0. Substituting this value of 
k min in the 1st inequalities in (15.731) . we obtain 

s + 1 < k 

max — 2s -\- 1 j fcmin 

0, s>0; (5.79) 

We now discuss those vertices from the list in (15.791 ) that correspond to the Yang-Mills interaction 
of the massive arbitrary spin field. We consider various spin fields in turn. 

a) Spin-| field (s = 0). Plugging s = in (15.791 ) we obtain k max = 1 and therefore the cubic vertex 
of the Yang-Mills interaction of the massive spin-| fermionic field is a degree 1 non-homogeneous 
polynomial in derivatives. Relations (I5.68I) . (I5.70I) lead to the Yang-Mills interaction of the massive 
fermionic spin-| field 

p-(i,i 1;0,1) = F«. (5.80) 

b) Spin s + 1 > | field. All vertices given in (15.791) are candidates for the Yang-Mills interaction of 
the fermionic spin s + ~ > | field. We therefore impose an additional requirement, which allows 
us to choose one suitable vertex: given value of s, we look for the vertex with the minimal value of 
kmax- It can be seen that such a vertex is given by k max — s + 1. Taking into account that k^m = 
we obtain from (I5.68I) . (I5.70I) the Yang-Mills interaction of the massive spin s + | > | field_L 

p- (s + ~ s + i 1; 0, s) = Ff\QWy , s > 1 . (5.81) 
A few remarks are in order. 



16 Discussion of gauge invariant formulation of massive arbitrary spin fermionic fields in constant electromagnetic 
field may be found in ll72l . 

17 A gauge invariant description of the electromagnetic interaction of the massive spin-2 field was obtained in 1631 . 
The derivation of the electromagnetic interaction of massive spin s = 2, 3 fields from string theory is given in 
In these references, the electromagnetic field is treated as an external (non-dynamical) field. 
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i) The forms Fq 3) (|5.58l) has smooth massless limit (m — ► 0). Therefore, the Yang-Mills in- 
teraction of the massive spin-| fermionic field given in (15.801 ) has a smooth massless limit, as this 
should be. This interaction in the massless limit coincides with the respective interaction of the 
massless spin-| fermionic field in Table I. 

ii) The form Q (12) (15.621) does not have a smooth massless limit (m — > 0). This implies that 
the Yang-Mills interaction of the massive spin s + | > | field (|5.81l) does not admit a sensible 
massless limit; in light-cone approach, it is contribution of Q (12) that explains why the Yang-Mills 
interaction of the massive spin s + \ > § field does not admit the massless limit. As was expected, 
the Yang-Mills interaction of the massive spin s + ~ > | field (15.811) involves higher derivatives. 
The appearance of the higher derivatives in (15.811) can be seen from the expression for Q {12) (|5.62l) . 

To make contact with covariant vertices we now present some covariant vertices corresponding 
to above given light-cone vertices. This is, the minimal YM interaction of spin-| field correspond- 
ing to the light-cone vertex (15.811 ) with s = 1 takes the form 

C YM = (fYf + iA)^ 

+ i (^) 1/ ^^V^o-^o7 A ^)^ B + 7 ^ T ^^o7 A ^oF AB , (5.82) 
m Vet — 1/ (a — l)m 

where i/j a and ijj are the respective spin-| and spin-| fields which are used in the framework of 
gauge invariant formulation of massive spin-| fielc@ 

Another covariant vertex that corresponds to light-cone K-vertex (see (15.671) ) 

p- ] (||l;0,2) = ^Z, (5.83) 

is given by 



d 2 -9d+16 — 



A(d-l)(d-2) 



AB 



(^VV>o - 4>ol A ?P B )F AB 

(5.84) 



5.3.4 Gravitational interaction of massive arbitrary spin fermionic field 

We proceed with the discussion of the gravitational interaction of the massive arbitrary spin fermionic 
field. We first present the list of all cubic vertices for the massive spin-(s + |) fermionic field in- 
teracting with the massless spin-2 field. This is, we consider vertices (15.681) with 

S (D = S (2) = S; s {3) = 2. (5.85) 

The 2nd restrictions in (|5.73l) lead to two allowed values of k min : k min = 0, 1. Plugging these 
values of k min in the 1st restrictions in (|5.73l) . we obtain two families of vertices 

k min = l, s + 2< k max < 2s + 2, s>0; (5.86) 

kmin = , s + 1 < k max < 2s , S > 1 ] (5.87) 

18 We derived covariant Lagrangian ( 15.82b by using the on-shell gauge invariant formulation described in Ref. ||69l 
(for discussion of off-shell gauge invariant formulation of arbitrary spin massive fermionic fields see ll70l . 
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We now discuss those vertices from the list given in (I5.86l) . (|5.87l) that correspond to the gravita- 
tional interaction of the massive arbitrary spin fermionic fields. We consider various spin fields in 
turn. 

a) Spin-| field (s = 0). The gravitational interaction of the massive spin-| fermionic field is 
given by (15.861) . Plugging s = in (15.861) . we obtain the well-known relation k max = 2, which 
tells us that the cubic vertex of the gravitational interaction of the massive spin-| fermionic field 
is a degree 2 non-homogeneous polynomial in the derivatives. Formulas (15.68l) . (15.70l) lead to the 
gravitational interaction of the massive spin-| fermionic field, 

p-(i ) i,2;l,2) = .Fg»fl«. (5.88) 

b) Spin | field (s = 1). The gravitational interaction vertex of the massive spin-| is given in (15.871) . 
Plugging s = 1 in (15.871) we obtain k max = 2. Formulas (15.68l) . (|5.70l) then lead to the gravitational 
interaction of the massive spin-| field 

p^(|| l 2;0,2)=F«Z. (5.89) 

c) Higher-spin fermionic fields, (s + |) > |. All vertices given in d5.86b . fl5 .87b are candidates for 
the gravitational interaction of the higher-spin fermionic fields. We should impose some additional 
requirement that would allow us to choose one suitable vertex. Our additional requirement is that 
given a spin-(s + \), we look for vertex with the minimal value of k max . It can be seen that such 
a vertex is given by (15.871) with k max = s + 1. We note that k min = and relations (15. 68b . (15. 70b 
lead to the gravitational interaction of the massive higher- spin fermionic field, 

p- (s + i s + ~ 2; 0, s + 1) = F^ZiQ^Y' 1 , s>2. (5.90) 
A few remarks are in order. 

i) Since forms F (3) (15.58b . B {3) (15.611) . and Z (15.63b have a smooth massless limit (m -> 0), the 
gravitational interactions of the massive low spin |, | fermionic fields (|5.88b , d5.89b have smooth 
massless limit, as they should. These gravitational interactions in the massless limit reduce to the 
corresponding interactions of the massless spin ~, | fermionic fields given in Table I. 

ii) Since the form Q {12) (15.62b does not have a smooth massless limit (m — > 0), the gravitational 
interaction of the massive higher-spin fermionic field (15.90b does not admit a sensible massless 
limit; it is the form Q {12) that explains why the gravitational interaction of the massive higher spin 
field does not admit the massless limit. Higher derivatives in the gravitational interaction of the 
massive higher-spin fermionic field are related to the contribution of Q (12) d5 .621 ^1. 



5.3.5 Interaction of arbitrary spin massless bosonic field with two massive spin- \ fermionic 
fields 

We finish this section with the discussion of the interaction vertices for arbitrary spin-s bosonic 
massless field and massive spin-| fermionic fieldS This is, we consider vertices (15.681) with 

8 m = 8 m = Q s {3) = s. (5.91) 



19 Gauge invariant formulations of the gravitational interaction of massive fields are studied e.g. in [66]. Interesting 
discussion of various aspects of the massive spin 2 field in gravitational background may be found in ll67ll68l . 

20 Discussion of vertices for arbitrary spin massless bosonic field and two massive scalar fields in framework of 
BRST invariant approach may be found in ll7D . 
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Plugging these spin values in restrictions (|5.72l) . (15.731) we find that k min and k max turn out to be 
fixed uniquely and there are only one allowed values of k min and k max for K-vertices and one 
allowed values of k min and k max for F-vertices: 

k m in = s , k max = s + 1 , for K vertices, (5.92) 

kmin = s-1, k max = s , for F vertices. (5.93) 

Making use of relations (|5.67| )- (|5.70| ) leads to the respective K- and F- interaction vertices 

i s;s,s + l)=K^(B^Y, (5.94) 

P^l, 1 -,s ] s-l,s) = F^(B^r 1 - (5-95) 
Both these vertices have smooth massless limit. 

5.4 Cubic vertices for one massless fermionic field, one massive fermionic 
field and one bosonic field with the same mass value 

We now consider the cubic interaction vertex for one massless field and two massive fields with 
the same mass values, 

mi| s = m 2 | F = m ^ 0, m 3 | F = 0, (5.96) 

i.e. the massive bosonic field carries external line index a — 1, one massive fermionic field carries 
external line index a = 2, while the massless fermionic field corresponds to a = 3. The analysis 
of equations for the vertex is straightforward and the general solution is found to be 

p~ = K {2Z) V K (L {1 \L {2 \ E (3) ; Q (12) ; Z) , K vertex; (5.97) 

p- = FV F (L (1 \ L (2) , 5 (3) ; Q (12) ; Z) , F vertex; (5.98) 



33 



where we use the notation 



KiTi) = TTTTPo* ( P Vt* - Vs (5.99) 
P2P3 v 7 

P2P3 v Pi 7 

+ flV^ (- P Vt* + ^/3 3 mW (1) , (5.100) 
P2P3 v Pi 7 

L (1) = - ^ma (1) , L (2) = B {2) + ima (2) , (5.101) 



B (a) = ^— ^ma w , a = 1,2; (5.102) 



B (3) = V-> ( 5 - 1037 

P3 

a (2) 

Q = — — — B^ -\- — — B , (5.104) 
m m 

Z = L (1) a (23) + L (2) a (31) + 5 (3) (a (12) - a (1) a (2) ) , (5.105) 

To discuss the remaining important properties of solution (|5.97| ), (|5.98l ) we restrict attention to 
cubic vertices for fields with fixed spin values. 



5.4.1 Cubic interaction vertices for fields with fixed but arbitrary spin values 

We now restrict ourselves to cubic vertices for the fields with fixed but arbitrary spin values and 
with mass values given in (15.961) . Vertices (15.97U5.98I) describe interaction of the towers of 
fermionic and bosonic fields. We next obtain the vertex for one massive bosonic field, one massive 
fermionic field and one massless fermionic field. This, we consider vertex involving one massive 
bosonic spin-s (1) field, one massive fermionic spin-(s (2) + |) field and one massless spin-(s (3) + |) 
fermionic field, where bosonic and fermionic fields have the same mass parameter m: 



nil = m , mo = m, m ^ , mi = 0, 

/ / (5.106) 



Massive bosonic spin-s (1) and fermionic spin-(s (2) + ~) fields are described by the respective 
ket-vectors \(j) s (i)) |V'sw)» while the massless spin-(s (3) + \) fermionic field is described by ket- 
vector \ijj™^ }. The ket-vectors \4> s w), iV^f 2 )) can be obtained from the respective expressions in 
(|2.9L(I2.20| ) by the replacement s — > s (a) , a 1 — > a {a)I , a — > a {a) , a = 1,2, while the ket-vector 



l^™3) = °) can ^ e obtained from (12.271 ) by the replacement s — > s (3) , a 1 — ► a (3)I . Taking into account 
that the ket-vectors |0 s (i)), IVV 2 )) are the respective degree-s (a) homogeneous polynomials in the 
oscillators a {a)I , a {a) , while the ket-vector |^™f) =0 ) is a degree-s (3) homogeneous polynomial in the 
oscillator a (3)I it is easy to understand that the vertex we are interested in must satisfy the equations 

(a (a)I a (a)I + a (a) a <a) - s (a) )\p-) = 0, a = 1,2, (5.107) 
(a (3)J a (3)/ -s (3) )|p") = 0. (5.108) 
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These equations tell us that the vertex must be a degree-s (a) homogeneous polynomial in the re- 
spective oscillators. Taking into account that the forms F, L m , L (2 \ B (3) (15. 100b - (I5. 103b are 
degree- 1 homogeneous polynomials in the oscillators, while forms Q {12) (15.1041 ) and Z (15.1051 ) are 
respective degree 2 and 3 homogeneous polynomials in the oscillators we find the general solution 
of Eqs.(EE07]), (T5TT08T) as 

"[3] v i 2 2 ' m, max i 

= K {2Z) (L w ) x(1) (L (2) ) x(2) (B (!) ) s(>) (Q (12) ) y(3) Z y , K vertex; (5.109) 

= F(L m ) xa \L (2) ) x(2 \B (3 Y 3 \Q (12 Y 3) Z y , F vertex, (5.110) 

where the parameters x (2) , x (3) , y (3) , y are given by 





— k — k ■ — <i (2) — 1 

"'max ">min ° 1 j 






x (2) 


— i- _ £■ . _ et 1 ) _ 1 
"'mm "'mm ° 1 ; 








- £■ • 

"'mm > 








-c_9c( 3 )_I- _l_ Ot. . _|_ 1 
o "'max ' ^" J mm * x 5 






1/ = 


f rv mm 5 


for K vertices; 


(5.111) 


x (1) 


— 1* _ t . _ o< 2 ) _ I 

"'max "'mm & ^ 1 






x {2) 


- h — h ■ — Q (1) 

"'max "'mm. j 






x (3) 


— k ■ 

"'mm 1 








— « — 9« (3) — h -L 9k ■ 
"'max ~ £d "'m%n 1 






y = 


oC3) _ <L . 
a "'mm 1 


for F vertices; 


(5.112) 



and s is defined in (|4.14l) . New integers k min and k max in (I5.109I) - (I5.1 121) are the freedom in our 
solution. In general, vertices (15. 1091 ), (15.1 101) are non-homogeneous polynomials in the momentum 
P 1 and the integers k min and k max are the respective minimal and maximal numbers of powers 
of the momentum F 1 in (15. 1091 ), (|5.1 101) 1^1. As noted above, the minimal number of powers of the 
momentum P 7 is not equal to zero in general. For vertices (15 .1091) . (15.1 101) to be sensible, we should 
impose the restrictions 

2>>>0, a = 1,2, 3; y (S) > , y > , (5.113) 

which amount to requiring the powers of all forms in (15.1091) , (15.1 101) to be non-negative integers. 
Using (I5.111l) . (|5.112l) . restrictions (15.1 131) can be rewritten in a more convenient form as 

kmin max s -\- 1 ^ k max ^ s 2s ' -|- c ik mm -\- 1 , 

< k min < s (3) , for K vertices; (5.114) 

kmin 4" niax(s' ' 1, s 2 ) + 1 < k max < s 2s' 3 ' + 2k m i n , 

< A; min < s (3) , for F vertices . (5.115) 

21 This can be checked by taking into account that the forms F, K {23 \ L (1 \ L (2> , Q (12) and Z are degree-1 polyno- 
mials in P 1 , while the form B <3) is degree-1 homogeneous polynomial in V 1 (see (f5T99t - (t5.1Q5^ >. 
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5.5 Cubic vertices for one massless bosonic field and two massive fermionic 
fields with different mass values 

We now consider the cubic interaction vertices for fields with the following mass values: 

mi| F ^0, m 2 | F ^ 0, mi 7^ m 2 , m 3 | s = 0, (5.116) 

i.e. the massive fermionic fields carry external line indices a = 1,2, while the massless bosonic 
field corresponds to a = 3. Equations for the vertex involving one massless field can be obtained 
from Eqs. (l3.41l) in the limit as m 3 — > 0. The general solution for vertex takes the form 

p~ = K {12) V K (L {l \L {2) ; Q (aa+1) ), K vertex; (5.117) 

p- = FV F (L {1 \L {2) ; Q (aa+1) ), F vertex; (5.118) 

where we use the notation 

= J— Pei (py % _ m( 3 2 + maftV , (5.119) 
P1P2 v / 

F = F (3) K (12) 5 (3) , (5. 120) 

mi + m 2 

F< 3) = -i-pft (^P 7 - 7 7J P J + ( mi /3 2 + m 2 !3 1 ) 1 I 1 X 2 a^ 1 , (5.121) 

2 2 
m m 

^sBW-P-a' 1 ', L (2) ee B {2) + ^a (2) , (5.122) 
2m x 2m 2 

B (a) = _ i^_ mfla (-) ) a = 1,2; (5.123) 



B (3) EE ^JL j (512 4) 



3 

a (2) „^ 



g(l2) _ ^(12) _ _ 5 (D + _ B w (5.125) 
m 2 mi 



g (2 3) = a ( 2 3) _ m 2« (2) (3) _ 2 gwgw (5 . 12 6) 
mj — mj mf — m^ 

Q(3D = a (3X) _ ^l " RO) + 2 HWgP) , (5.127) 

mj — mj m^ — 1112 

and a (a6) are defined in (14.81) . An interesting property of the solution obtained is the appearance 
of expressions like m^ — m 2 in the denominators of the quadratic forms Q (23) (15.1261 ) and Q {31) 
(15.1271) ; the forms Q (23> , Q (31) are therefore singular as mi — > m 2 . For this reason, we considered 
the case of mi = m 2 separately in Section [531 

As can be seen from (|5.1 17l) - (|5.127l) . it is impossible to construct a cubic vertex that would be 
a homogeneous polynomial in the momentum P 7 . All forms that depend on P 7 and enter the vertex 
(i.e. K {12) , F, L (2) , and Q (aa+1) ) are non-homogeneous polynomials in P 7 . This implies that 
the cubic vertex is a non-homogeneous polynomial in P 7 in general. To understand the remaining 
characteristic properties of the solution obtained, we consider the vertices for fields with fixed spin 
values. 
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5.5.1 Cubic interaction vertices for fields with fixed but arbitrary mass values 

Discussion of cubic interaction vertices for two massive fermionic fields with different mass values 
and one massless bosonic field largely follows that in Section l5.3.1l 

The vertices for two massive spin s (1) + |, s (2) + | fermionic fields \ip s m), \ip s (2)) with different 
mass values and one massless bosonic spin-s (3) field |0™3) =O ) can be obtained by solving Eqs. (l5.65l) . 
(I5.66I) with pZ given in (I5.117l) . (|5.118l) . We then obtain the cubic vertices 

3 

= r 2) (I (1) f ll) (L (2) ) ll2) [](Q ( "° + 7 (a+2) , Kvertex; (5.128) 

a=l 

3 

= F(L w ) xW (L (2) ) x(2) Y[(Q {aa+1) ) y(a+2> , Fvertex; (5.129) 

a=l 

where the parameters y (a) are given by 



y m 


1 

~ 2 


[s m 








-x (2) ; 


), 








1 

~ 2 


[s w 


+ s (3) 


-s (2) 




+ x (2) ; 


), 






yW 


1 

~ 2 


[s w 


+ s (2) 


_ s O) 




- a: (2) ; 


), 


for K vertex; 


(5.130) 


y (D 


1 

~ 2 


[a™ 


+ s (3) 


-s w 




-x (2) 


-1), 






y w 


1 

~ 2 


[s w 


+ s (3) 


-s {2) 




+ x (2) 


-1), 








1 

~ 2 




+ s (2) 


_ s (3) 




-z (2) 


+ 1), 


for F vertex. 


(5.131) 



Two integers x w , x (2) are the freedom of our solution. For fixed spin values s w , s {2 \ s (3) , these inte- 
gers label all possible cubic interaction vertices that can be built for the fields under consideration. 
For vertices (15. 1281) , (15 .1291 ) to be sensible we impose the restrictions 

x (1) >0, x (2) >0, y (a) >0, a = 1,2, 3; 

s — x w — x (2) even integer , for K vertex; (5. 132) 

x (1) >0, x (2) >0, y (a) >0, a = 1,2, 3; 

s — x m — x (2) odd integer, for F vertex, (5.133) 

which amount to the requirement that the powers of all forms in (15.128U5.129I ) be non-negative 
integers. The maximal number of powers of P 7 in (15.128U5.129I ), which is denoted by k max , is 
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given b; 
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kmax = ^(s w + s {2) + 3s (3) + x {1) + x {2) ) + 1 , for K vertex; (5.134) 

kmax = + s {2) + 3s (3) + x {1) + x {2) + 1) , for F vertex. (5.135) 

We note that using (15.130l) . (15.131l) allows rewriting restrictions (15. 1321) . (15 .1331) in the equivalent 
formic 



- s (2) - x w + x {2) \ < s (3) < s w + s {2) - x {1) - x {2) , for K vertex; (5.136) 

|s (1) - s (2) - x m + x {2) \ + 1 < s (3) < + s (2) - x w - x {2) + 1 , for F vertex; (5.137) 

5.6 Cubic vertices for one massless fermionic field, one massive fermionic 
field and one massive bosonic field with different mass values 

We now consider the cubic interaction vertices for fields with the following mass values: 

m 1 | s ^0, m 2 | F ^0, mi ^ m 2 , m 3 | F = 0, (5.138) 

i.e. the massive bosonic field carries external line index a = 1, the massive fermionic field carries 
external line index a = 2, while the massless fermionic field corresponds to a = 3. Equations for 
the vertex involving one massless field can be obtained from Eqs. (l3.41l) in the limit as m 3 — > 0. 
The general solution for vertex takes the form 

p~ = K {23) V K {L W , L (2) ; Q (M+1) ) , K vertex; (5.139) 

p- = FV F (L W , L (2) ; Q (aa+1) ) , F vertex; (5.140) 

where we use the notation 

= -Lpfc (pVt* - m 2 /? 3 )»fe , (5.141) 



1 



Aft 

P2P3 v Pi 7 

+ flV** (-m 2 P / 7 / 7* + PM + ^i4)v3— , (5-142) 
P2P3 \ Pi / mi 



2 2 

L d) = 5(1) _ ^L a w L P)= s w + ^L a « (5.143) 

2m x 2m 2 

B (a) = — ^-m a a w , a = 1,2; (5.144) 

Pa ^Pa 

^ee^-, (5.145) 
Pz 



22 Expressions for K ™,F,L M andQ ( "" +I) (l57TT9T >- (t5TT2Tb imply that fc maa = +x (2) + 2 y (1) + 2 y (2) + y ( 3) + 1 
for K vertex and k max = x {1) + x (2) + 2y (1) + 2y (2) + y <3) + 2 for F vertex. Relations for y (a) d5.130t . d5.131t then 
lead to (EBS.GES. 

23 If x (1) = .x (2) = 0, then restrictions (15. 1 36b becomes the restrictions well known in the angular momentum 
theory: |s (1) - s (2) | < s (3) < s (1) + s (2) , while restriction (ET33 takes the form - s (2) | < s (3) - 1 < s (1) + s <2) . 
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Q (12) 
Q (23) 

g (31) 

and a (ab) are defined in (|4.8I) . To understand the remaining characteristic properties of the solution 
obtained, we consider the vertices for fields with fixed spin values. 

5.6.1 Cubic interaction vertices for fields with fixed but arbitrary mass values 

Discussion of cubic interaction vertices for one massless fermionic field, one massive fermionic 
field and one massive bosonic field with different mass values largely follows that in Section l5.4.1l 
The vertices for one massive bosonic spin-s (1) field \(f> s (i)), one massive fermionic spin-(s (2) + |) 
field \ip s (2)) with different mass values and one massless fermionic spin-(s (3) + |) field |^™|) =0 ) can 
be obtained by solving Eqs.d5.65J), (15.661) with p~ given in d5.139b . d5.140b . We then obtain the 
cubic vertices 

p-( a w, a (w + I, s w + i;x« x«) 

3 

= K ias >(L m ) xll \L w ) xW Y[(Q (aa+1) Y 

a=l 

3 

= F(L w ) xW \L {2) ) x(2) Y[(Q (aa+1) y (a+2 

a=l 

where the parameters y (a) are given by 
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_ s (3) 




-x (2) 


), 


for K vertex; 


(5.151) 
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y w 


1 

~ 2 1 


[s w 


+ s (2) 


_ s (3) 




-:r (2) 


-1), 


for F vertex. 


(5.152) 



Two integers x {1) , x (2) are the freedom of our solution. For fixed spin values s (2) , s (3) , these inte- 
gers label all possible cubic interaction vertices that can be built for the fields under consideration. 
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a {2) a m 



a d2) _ r_flW + _5 (2) , (5.146) 
m 2 mi 



m 2« (2) „™ 2 

,2^ ^ ' 



a ( 23) _ ^ r ( 3)_ flwgw (5.147) 



mf — m? hit — ms 



a (3x) _ m i« W o ( 3) + - nwgw , (5.148) 
mf — m, mf — m.7, 



K vertex; (5.149) 
F vertex; (5.150) 



For vertices (15. 149b , (|5. 1 501) to be sensible we impose the restrictions 

x (1) >0, x (2) >0, y {a) >0, a = 1,2, 3; 

s — x w — x {2) even integer , for K vertex; (5. 153) 

x (1) >0, x (2) >0, y (a) >0, a = 1,2, 3; 

s — — x {2) odd integer, for F vertex. (5.154) 

which amount to the requirement that the powers of all forms in (15.1491) , (15.1501) be non-negative 
integers. The maximal number of powers of F 1 in (15.1491 ), (15.1501) , which is denoted by k max , is 
given by0 

k m ax = ^(s w + s (2) + 3s (3) + x {1) + x {2) ) + 1 , for K vertex; (5.155) 

kmax = ^{s w + s {2) + 3s (3) + x {1) + x {2) + 1) , for F vertex. (5.156) 

We note that using (I5.151I) . (I5.152I) allows rewriting restrictions (15.153U5.154I) in the equivalent 
form0 

- s {2) - x w + x (2) \ < s {3) < s w + s (2) - x w - x {2) , for K vertex; (5.157) 

- s {2) - x w + x (2) - 1| < s (3) < s w + s (2) - x w - x {2) - 1 , for F vertex; (5.158) 

6 Cubic interaction vertices for two massive fermionic fields 
and one massive bosonic field 

We finally consider the cubic interaction vertex for three massive fields: 

mi\ F ^ 0, m 2 | F ^ 0, m 3 | s ^ 0. (6.1) 
The general solution for vertex is found to be 

p~ = K {12) V K (L {a) ; Q (aa+1) ) , K vertex ; (6.2) 

p- = FV F (L (a) ; Q (aa+1) ) , F vertex ; (6.3) 

24 Expressions for K {12 \F,L {a) and QC«»a+i) (HJID-EHS imply that k max = x {1) + x (2} + 2 y (1) + 2 y {2) + y ( 3) + 1 
for K vertex and k max = x (1) + x (2) + 2y (1) + 2y <2) + y <3) + 1 for F vertex. Relations for y (a) fl5.15H . fl5.1521 > then 
lead to fl5l55lfl5ll6t . 

25 If x (1> = x {2) — 0, then restriction ( 15. 157b becomes the restrictions well known in the angular momentum theory, 

| s d) _ s <2)| < s <3) < s (d + s (2 )) while r e Str i ct i on d57T58l takes the form |s (1) - s (2) - 1| < s <3) < s (1) + s (2 > - 1. 
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where we use the notation 



K(12) = THTPe. ( ^ Vt* ~ ^12) V2 (6.4) 
P1P2 v ' 

F = -^— Pei (-V - 7 /J P J + (m a /3 2 + m 2 p 1 ) 1 I 1 X 2 a (3)I 

+1TZ-P$i f-m 3 P / 7 / 7* + m 3 mi2 + mij) r} 2 — (6.5) 

P1P2 V /3 3 / m 3 

2 2 

L w = S (a) _ m a+1 -m Q+2 ^ (a) (6 6) 

2m a 

(a)/p/ O 

g(„+l) = a (aa+l) _ « ^(a) + ^^(a+X) «±2_ a <«0 a C-+l) (g.g) 

m a+ i m a 2m a m a+ i 

m afc = m a p b - m b p a , m a = m a+1 - m a+2 , (6.9) 

and a (ab) are defined in (14.81) . From the expressions for F (|6.5I) . L (a) (|6.6I) and the quadratic forms 
(16.81) . it follows that the cubic vertex for massive fields is singular as m a — > 0, a = 1, 2, 3. 
We now restrict attention to vertices for fields with fixed spin values. 



6.1 Cubic vertices for massive fields with fixed but arbitrary spin values 

Vertices (16.21) , (16.31 ) describe interaction of the towers of massive totally symmetric fields (12.121) , 
(12.261) . We next obtain vertex for massive spin s {1) + |, s (2) + \ and s (3) fields. This, we consider 
vertex involving two spin s\ + \ and s 2 + § fermionic fields having the respective mass parameters 
mi and m 2 and one spin-s 3 bosonic field having mass parameter m 3 : 

mi| F ^0, m 2 | F ^0, m 3 | s ^0, 

(6.10) 

+ \ , s (2) + § , . 

The massive spin-(s (1) + |) and -(s (2) + |) fermionic fields are described by the respective ket- 
vectors \ift s (i)), |VV 2 ))> while the massive spin-s (3) bosonic field is described by ket-vector |0 S (3)). 
The ket-vectors of massive fields \ipgw), a = 1, 2 and |0 S (3)), can be obtained from the respective 
expressions in (|2.20l) and (12.91 ) by replacing s — ► s (a) , a 7 — > a (a)/ , a — > a (a) . Because 
|^ s (2)), |0 S (3)) are respective degree-s (a) homogeneous polynomials in a {a)1 , a {a) , it is obvious that 
the vertex we are interested in must satisfy the equations 

(a [a)I a {a)I + a (a) a (a) -s (a) )|p~,) =0, a = 1,2, 3, (6.11) 

which tell us that the vertex pZ, must be a degree-s (a) homogeneous polynomial in the oscillators 
a (a)I , a {a) . Taking into account that the forms F, L (a) and Q {aa+1) are respective degree 1 and 2 
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homogeneous polynomials in oscillators we obtain the general solution of Eqs. (l6. Ill) as 

+ ~ s {2) + i s (3) ; x w ,x (2 \ x (3) ) = if (12) JJ(L (o) ) a,(B) (Q {aa+1) ) y(a+2) , K vertex ; (6.12) 



2' 2' 

a=l 

1^1 



p-( S (1) + ^s (2) + ^,s (3) ;x (1) ,x (2) ,x (3) ) =FjJ(L (a) )" (a) (Q (aa+1) ) ?/(a+2> , F vertex ; (6.13) 

0=1 

where integers y (a) are expressible in terms of s (a) and three integers x (a) labeling the freedom of 
our solution, 

y<«> = -(s + x (a) -x (a+1) -:r (<l+2) ) -s (a) , a = 1,2, 3, for K vertex ; (6.14) 

= i(s + x (a) - - x (a+2) - 1) - , a = 1, 2; 

y (3) = -(s + x (3) - x w - x (2) + 1) - s (3) , for F vertex ; (6.15) 

and s is given in (14.141) . The maximal number of powers of F 1 in (I6.12l) . (|6.13l) . denoted by k max , 
is given b>@ 



1 3 

kmax = 2( s + 5Z x<a) ) + 1 ' for K vertex; (6.16) 

0=1 

1 3 

kmax = 2 ( S + X<a ' + X ) ' fOT F VerteX ' (6 - 17) 



o=l 



Requiring the powers of the forms L [a) and Q (aa+1) in (16.12U6.13I) to be non-negative integers 
gives the restrictions 



(6.18) 



x (a) > , 


2/ w >0, a = l, 


2,3; 


3 
a=l 


even integer , 


for K vertex 


x (a) > , 


y (a) >o, a = l, 


2,3; 


3 
o=l 


odd integer , 


for F vertex. 



(6.19) 

Using relations (I6.14l) . (|6.15l) allows rewriting restrictions (I6.18I) , (I6.19I) as0 

s (s) _ S W _ S W + x « + < x (s) < s (3) _ | s d) _ s (2) _ x d) + x (2) | ? for K vertex ; (6.20) 

S (3) _ S W _ s (2) + 3.(1) + x (2) _ j < ^(3) < s (3) _ | s (l) _ s (2) _ ^(1) + x (2)| _ j ^ 

for F vertex . (6.21) 



26 Expres sions for K {12 \ F, L ( "» an d Q<° ° +1 ' d6T4b - d6~8l > imply that fc maa; = 1 + £„ =1 (a; (a3 + 2/ <a) )- Taking 
( 16.141 .( 16. 15b into account we then find (16.161 . (16.171 . 

27 If x (a} — 0, a — 1,2, 3, then restrictions ( 16.201 becomes the restrictions well known in the angular momentum 
theory: |s (1) - s (2> | < s (3) < s (1) + s (2) , while restriction dOTT i takes the form |s (1) - s (2 '| < s (3) - 1 < s (1) + s (2) . 
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We now give examples of vertices for particular cases and make comment concerning hermitian 
properties of our vertices. 

Interaction vertices for two massive spin-| and spin-| fermionic fields having the respective 
mass parameters m l5 m 2 and one massive spin-s bosonic field with mass parameter m 3 are given 
by 

p^(i i a ;0,0, a ) = A'^(L»)', (6.22) 

p^(i i S ;0,0,s-1) = F(LW)- 1 . (6.23) 

Consider vertices (I6.22I) . (I6.23I) for s = 1. Covariant vertex corresponding to our light-cone F- 
vertex with s = 1 in (|6.23l) is given by 

£ = ^ A M0 A + —<t>) , (6-24) 
m 3 

while covariant vertex corresponding to our light-cone K-vertex with s — 1 in (16.221) takes the 
form 

£ = ^p a AB ^p 2 F AB . (6.25) 

In (16.241 ). (fi A and are vector and scalar fields of the Lorentz algebra to be used in gauge invariant 
formulation of spin-1 massive field with mass parameter m 3 . 

The light-cone vertex (16.231) and the covariant vertex (|6.24l) are not hermitian when nil ^ m 2 , 
i.e., when ipi ^ ipz. We can obtain hermitian light-cone and covariant vertices in a standard way: 
by adding (or subtracting appropriate hermitian conjugated expression). In this way we obtain the 
standard covariant vertices 

C = (^i7 A ^2 + ^VVi) (0 A + —0) , (6.26) 

m 3 

iC = (Vi7^2 - ^2l A ipi)(<t> A + —0) , (6.27) 

m 3 

The same holds true for the vertex in (16.251) . i.e., the light-cone vertex and covariant vertex (16.251 ) 
are not hermitian in general. As befoore, we can obtain hermitian light-cone and covariant vertices 
by adding or subtracting appropriate hermitian conjugated expression. In this way we obtain the 
standard covariant vertices 

£ = {^ AB ^ + ^ 2l AB ^)F AB , (6.28) 
LC = (^i7 AB ^2 - ^2l AB ^i)F AB . (6.29) 

To summarize, in order to obtain hermitian vertices we should supplement our vertices by 
appropriate hermitian conjugated expressions. Note also that, for the space-time dimensions when 
Dirac fields allow restriction to Majorana fields, our vertices are hermitian as they stand. 

Interaction vertices for two massive spin-| and spin-| fermionic fields and one massive spin-s 
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bosonic field are given by 



I' S; °' °' S - 2) = ^ <12) (^ (3) )^ 2 Q (23) Q (31) , (6-30) 



p-(|| S;0 ' ' s) = ir(12)(L(3)W12) ' (6 - 31) 
p" (? | s; 0, 1, a - 1) = K (12) L (2) (L (3) ) s_1 <5 (31) , (6.32) 



p" (| | 0; 1, 1, S ) = K^L^L^(L^Y , (6.33) 



p" (|, | s; 0, 0, S - 3) = F(U*>)-*Q™Q™ , (6.34) 

p" (? |, s; 0, 0, a - 1) = F(L (3) ) S_1 Q (12) , (6.35) 

p-(| |, *; 0, 1, S - 2) = FL^(L^y- 2 Q (31) , (6-36) 

p-(| |, *; 1,1,5- 1) = FLWL^(LW)- 1 ■ (6.37) 

Acknowledgments. This work was supported by the INTAS project 03-51-6346, by the RFBR 
Grant No.05-02- 17654, RFBR Grant for Leading Scientific Schools, Grant No. LSS -440 1.2006. 2 
and the Alexander von Humboldt Foundation Grant PHYS0167. 



Appendix A Notation 

We use 2^ x 2^ 2 1 Dirac gamma matrices ^ A in rf-dimensions, {7^, 7 B } = 2t] AB , ^ = 7°7 A 7°, 
where r/ AB is mostly positive flat metric tensor and flat vectors indices of the so(d — 1, 1) algebra 
take the values A, B — 0, 1, . . . , d— 1. To simplify our expressions we drop tjab in scalar products, 
i.e. we use X A Y A = r] AB X A Y B . 
Matrices and 7* are defined by 

r. = e 7 V . . . l d ~ l , 7* = ey 1 ■ ■ ■ l d ~ 2 , (A.l) 



where e is restricted by requiring 
The matrices r* and 7* are related by 



r* = i, 7* = 1- (A.2) 



r* = 7 + ~7* , 7 + ~ = 7 7 d_1 • (A.3) 



Antisymmetrizied product of two 7-matrices is normalized as 



1 AB = \l A l B -(A~B). (A.4) 



We use notation for projector operators 
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IP = I 7 " 7 + , IP = i 7 + 7 - . (A.5) 
For bosonic field we use Fourier transformation 

= / (2 ^)/2 j {x ~ P+xIpI) ^ Na \<l>{^, P, a)) (A.6) 

while for fermionic fields 

\ip s (x, a)) = (p e ip s (x, a) + ip\(x, a)r))\0) , (A.7) 

we use 

|1K*,«)> = / T^L^') r"«tf|V»(p,a)) , (A.8) 



(2 7 r)( d - 1 )/ 2 ' 
where we use the notation 

N a = aa , (A.9) 

u = Pe ue + (u^)- Pv} (A. io) 

{{U^)- Pv ) = U^^ Pva , (A. 11) 

tf = -L(l + ir,), (A.12) 
v2 



and the scalar oscillators a are defined by (12.71) . 
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